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Outline

¥ Problem statement

- Preliminaries

- Sampling and reconstruction not the end goal in application

- Rather, in registration we seek the shift (spatial transformation) that 
aligns two (or more) images.

¥ Main Result

- Characterization

¥ Computational examples
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Image registration

¥ Find shift between images: image 1

image 2
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Original sampling coordinates
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Image registration

¥ Find shift between images:

¥ Interpolating approach:

- Start from sampled data
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Original sampling coordinates
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Image registration

¥ Find shift between images:

¥ Interpolating approach:

- Start from sampled data

- Find interpolation (approx.)
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New sampling coordinates
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Image registration

¥ Find shift between images:

¥ Interpolating approach:

- Start from sampled data

- Find interpolation (approx.)

- Resampled at shifted 
coordiantes
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Objective
function

translation
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Image registration

¥ Find shift between images:

¥ Interpolating approach:

- Start from sampled data

- Find interpolation (approx.)

- Resampled at shifted 
coordiantes

- Repeat and measure 
difference
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Image registration

¥ Find shift between images:

¥ Interpolating approach:

¥ Alternatively:

- Cross correlation

- Phase correlation (sub-pixel)

Rohde et al, Asilomar 07

8



Biomedical Engineering, Car negie Mellon University

In here
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In here

¥ Use more a priori information 

- Linear, shift invariant acquisition system

- Regular grid sampling 
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In here

¥ Use more a priori information 

- Linear, shift invariant acquisition system

- Regular grid sampling 

¥ Investigate reconstructions (interpolation, appr oximation) 
that allow one to register images
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In here

¥ Use more a priori information 

- Linear, shift invariant acquisition system

- Regular grid sampling 

¥ Investigate reconstructions (interpolation, appr oximation) 
that allow one to register images

¥ Limited to uniform shifts in multiple dimensions
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Signal acquisition & reconstruction

s
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Signal acquisition & reconstruction

s
h

transfer function
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Signal acquisition & reconstruction

s
h

transfer function

!

k

! (x ! k)

sampling
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Signal acquisition & reconstruction

s
h

transfer function

!

k

! (x ! k)

sampling

g[k] = s ! h(k)
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Signal acquisition & reconstruction

s
h

transfer function

!

k

! (x ! k)

sampling

g[k] = s ! h(k)

Reconstruction:
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For shifted signals

Signal shift:
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For shifted signals

!

k

! (x ! k)

g! [k] = s! ! h(k)
s!

h

transfer function sampling

Signal shift:
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For shifted signals

!

k

! (x ! k)

g! [k] = s! ! h(k)
s!

h

transfer function sampling

Signal shift:

Reconstruction:

÷s! (x) =
!

k ! Zd

g! [k]! (x − k)
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Transfer function

¥                                normally band limited

¥ Time domain signals, generally true

- Signals normally Þltered to avoid aliasing

¥ Image acquisition devices, also often the case

- Diffraction limited lenses (confocal, brightÞeld micr oscopy)

- Magnetic resonance imaging

transfer function

h
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General considerations (wish list)
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g!
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g!

¥  In addition, can we recover      with non band-limited 
reconstruction basis function      ?
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g!

¥  In addition, can we recover      with non band-limited 
reconstruction basis function      ?

!

¥  How accurate can estimation be: pixel, sub-pixel?   
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Optimization approach

!¥  Given     ,      Þnd     by:  
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Optimization approach

!¥  Given     ,      Þnd     by:  

! f ! 2
L2

= "f , f #L2
=

! !

"!
f (x)f #(x)dx
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Optimization approach

!¥  Given     ,      Þnd     by:  

! f ! 2
L2

= "f , f #L2
=

! !

"!
f (x)f #(x)dx
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Optimization approach

!¥  Given     ,      Þnd     by:  

! f ! 2
L2

= "f , f #L2
=

! !

"!
f (x)f #(x)dx

¥                   iff 

¥  Equivalently:
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Main result

ö! (" ) =
! !

"!
! (x)e" j 2! " áx dx Fourier transform

! (x) Reconstruction basis function
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Corollary

¥  If           band-limited then in

¥ Equality iff

! (x)

! (! , " , #) =
!

q! Zd

| ö$(! + q)|2 cos(2%! á(" ! #) ! 2%# áq) .

= | ö! (" + q)|2 cos(2#" á($ ! %))

! | ö! (" + q)|2

! | ö! (" + q)|2 = ! (" , #, #)

!

[! 1/2,1/2]d
|öh(ω)|2|ös(ω)|2| öϕ(ω)|2dω = 0
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Geometric interpretation

¥ The orthogonal projection of signal and its 
shifted version onto the space of squar e 
integrable band-limited functions contains 
enough information to r ecover the shift, exactly, 
so long as this projection is not zero.
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Another point of view

¥  Again, we would like:

¥  If                          decays Òfast enoughÓ,               may Òspill 
overÓ and we would still have

!T! ÷s, ÷s" "L 2
=

!

[−1/ 2,1/ 2]d
|öh(! )|2|ös(! )|2! (! , " , #)d!

|öh(! )|2|ös(! )|2 | ö! (" )|2

Rohde et al, Asilomar 07
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Computational example

Two band-limited functions
shifted w.r.t. each other

τ

Sampled at regular grid

Find     based on sampled functionsτ
Rohde et al, Asilomar 07
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! 0(x)

! n (x) = ! 0 ! ! n ! 1(x)
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Computational example

0 1/2-1/2 1-1

¥ B-spline basis functions:

Rohde et al, Asilomar 07
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Computational example

÷s! (x) =
!

k ! Zd

g! [k]! (x − k)

! (x) = " 2(x)

¥  Signal reconstruction:
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Computational example

÷s! (x) =
!

k ! Zd

g! [k]! (x − k)

! (x) = " 2(x)

¥  Signal reconstruction:

¥  Exact inner product computation

!T! ÷s, ÷s" "L 2
=

!

k ! Zd

(g" [k])(g[k] # T! ! 3[k])

!T! ÷s, ÷s" "L2
=

! !

"!
÷s(x)÷s" (x)dx
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Computational example

Two band-limited functions
shifted w.r.t. each other

τ

Basis function reconstruction
(non interpolating)

Rohde et al, Asilomar 07
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Result

f (! ) = !Tλs̃, s̃τ "L 2

Rohde et al, Asilomar 07

23



!

Biomedical Engineering, Car negie Mellon University

Result

f (! ) = !Tλs̃, s̃τ "L 2

! opt = "
Exactly!

= 2.61
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Result

f (! ) = !Tλs̃, s̃τ "L 2

Non interpolating,
not band-limited!

! (x)

! opt = "
Exactly!

= 2.61
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General considerations (wish list)
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g! yes
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g!

¥  In addition, can we recover      with non band-limited 
reconstruction basis function      ?

!
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General considerations (wish list)
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¥  How accurate can estimation be: pixel, sub-pixel?   

yes

so it seems
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General considerations (wish list)

¥  Naturally, if     is band-limited, could r econstruct      exactly .

- Shannon sampling theorem.

¥  Given      and       is this enough to recover      ?!g!

¥  In addition, can we recover      with non band-limited 
reconstruction basis function      ?

!

¥  How accurate can estimation be: pixel, sub-pixel?   

yes

so it seems

sub-pixel
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Future work

¥  Design reconstruction basis functions 

- Use characterization result.

¥  Algorithms for shift estimation

¥  Stochastic analysis (noise)
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