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IRt (—1)*(2k4+1)(1+M) T (2k+1)m
where U = —=diag (WSM )OSkSM—l and ¥, (j) = [W4M

Similarly to the PJB case, W,(—7) is a submatrix of DFTys, constructed
from the first M consecutive columns and first M odd rows. Therefore, selecting
any number N of consecutive columns of ¥, (—75) and constructing an M x N matrix

]ng,mglw—l'

®,(—7) from them corresponds to selecting N consecutive columns from DEFTyy;.
We then conclude that ®,(—j) is a maximally robust frame and so is ®,(z) using
the invariance of frame properties. We summarize this result as follows:

PROPOSITION 8.4. The oddly modulated DCT LTFT resulting from consecutive
seeding of the oddly modulated DCT LOT is a maximally robust frame.

8.4 The Young-Kingsbury LTFT

The frequency responses of the Young-Kingsbury LTFT filters are shown in Fig. 8.1(c)
for M = 8 and N = 5. As in the example for the previous LTFT families, these
result from seeding contiguously the first N columns.

8.4.1 Equal-Norm

Unlike the previous two families, the Young-Kingsbury LOT has complex basis
vectors (4.19). However, we can still use the same argument as for the other families
to prove the equal norm property. Indeed, we can write

*j% - 1 (ﬂ—_l)W(2k+l)m

— 1 m
Vim = 731 Cos aar€ = 1 cos (aar ) Wam ,

and the polyphase elements as:

m W(2k+1)m

() = o con (R + 2271 cos (g yy 1))

WZ COS oM 4

wmorer(2k+1)m 1. rmm k1) M 11-(2k+1)m
= Az cos FRWTUT + o sin (S T WY
k m Tm — L ™m
= Wiy ™ (cos (55) + 27 (=) sin (33) (8.15)

Since |W4(]2;+1)m| =1, we can conclude the following:

PROPOSITION 8.5. If {p,,}M_| are the frame vectors of the Young-Kingsbury-
LTFT, then

N
||(pmH2:M7 m:O,...,M—l,

that is, the Young-Kingsbury-LTFT is an equal norm frame.

8.4.2 Maximal Robustness
By taking z = 1 and using (8.15), we can write ¥y, (2) as

2k+14+(—1)FTym
wkﬂn(l) — ﬁWiM-’_ +( ) ) .
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By the same reasoning we used for the previous families, we again observe that
the Young-Kingsbury polyphase matrix taken at z = 1, ¥,(1) is a submatrix of
DFTyy, constructed from the first M consecutive columns . By applying the same
argument as for the PJB LOT, we can conclude the following:

PropPoOSITION 8.6. The Young-Kingsbury LTFT resulting from consecutive seeding
of the Young-Kingsbury LOT is a maximally robust frame.

8.5 The Malvar LTFT

The frequency response of the Malvar LTFT filters for M = 8 and N = 5 are shown
in Fig. 8.1(d).

8.5.1 Equal-Norm

Similarly to the previous family, we write the polyphase elements of the Malvar
LOT defined in (4.20) as:

—(2k+1)(2m+M+1 —1yp—(2k+1)(2(m+M)+M+1)

Vom (2) = %WM; ) ) 4 \/%Z B A CARC

. —(2k+1)(M+1 2k+1)m
2 (14 (- 1)kt W,y R,

PROPOSITION 8.7. If {¢,, }M_, are the frame vectors of the Malvar LTFT, then

2N

loml® =22,

that is, the Malvar LTFT is an equal norm frame.

8.5.2 Maximal Robustness
For the Malvar LTFT, the row-scaling factors —2— (1 + (—1)’“]'271) WEE_I\EI%H)(MH),

VM
k=0,...,M — 1, can be collected into a diagonal matrix, so that
U(z) = Ulz)7,
_ 2 g C1\ks—1 —(2k+l)(M+1))
where U(z) mdlag ((1 + (=1)%j27) Wy R and

¥ = [W(2k+1)m:| '
M 0<k,m<M—1
Here again, U is a submatrix of DF Ty, constructed from the first M con-
secutive columns and first M odd rows. Hence, by using the same arguments as for
the other LTFT families, we draw the following conclusion

PropoSITION 8.8. The Malvar LTFT resulting from consecutive seeding of the
Malvar LOT is a maximally robust frame.
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8.6 Summary

Using a simple design procedure, we developed new frame families we termed lapped
tight frame transforms. These can be viewed as the frame counterpart of lapped
orthogonal transforms. Similarly to harmonic tight frames, LTFTs are tight, and
we proved that they are equal-norm and maximally robust as well. Finally, LTFTs
are efficient to implement and their construction provide flexibility and control over
the desired amount of redundancy. In an MR classification setting this is important
as it would allow for example to adjust the redundancy depending on the biomedical
application at hand and reach a desired compromise between redundancy and cost.
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Conclusions

We have provided a mathematical framework for redundant

= multiresolution classification and have designed an accurate and adaptive mul-
tiresolution classification algorithm for the classification of biomedical images. We
divided our work into two themes: The first was the design of a classification algo-
rithm for biomedical applications based on multiresolution techniques. The second
was the development of a theory of frame multiresolution classification along with
the design of new frame families tailored for biomedical applications.

Multiresolution Classification Algorithm We have developed an accurate, efficient
and adaptive supervised classification algorithm based on multiresolution (MR)
techniques, which aims to extract discriminative features within space-frequency
localized MR subspaces. These features are obtained by MR decomposition; that
is, rather than add MR features to existing features, we instead chose to com-
pute these features in the MR-decomposed subspaces themselves. Thus, our system
has an upfront MR decomposition block which is followed by feature computation
and classification in each of the MR subspaces, which, in turn, are then combined
through an adaptive weighting process. For the MR decomposition step, we used
both MR bases and MR frames. The main features used were Haralick-based texture
features as these seem to well characterize the biomedical data sets under consid-
eration in this work. We tested our system on five applications obtaining excellent
results in four of the five, as well as promising initial results in the remaining case.
As proven by the high accuracies obtained on the fingerprint recognition problem,
our MR classification algorithm is flexible and can be used for data sets other than
the ones we considered during this thesis.

Theory of Frame Multiresolution Classification As the use of redundant MR
transformations in our classification algorithm outperformed nonredundant ones,
we explored deeper the frame classification question and provided a framework for
the development of a rigorous understanding of why frames perform better than
bases when it comes to the classification of certain classes of signals. We simplified
the question and investigated a single-class classification problem where the class
itself is a compact convex subset of RY. Convex sets may be approximated by con-
vex polytopes, and may thus be regarded as the preimages of hyperrectangles under
frame analysis operators, which we termed frame sets. We proposed a classification
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scheme based on frames and akin to a majority voting. We proved that frame sets
can approximate any compact convex class to within an arbitrary degree of preci-
sion. We introduced a measure-theoretic framework for the analysis of classification
errors, and applied it to the study of our proposed classification scheme. We showed
this scheme performs well in the presence of radially symmetric noise, and provided
upper bounds on the measure of the set of points at which misclassification will
frequently occur.

We also developed new frame families we termed lapped tight frame trans-
forms. These can be viewed as the frame counterpart of lapped orthogonal trans-
forms. We showed in four specific cases that in addition to being tight, lapped tight
frame transforms possess many desirable properties, such as equal norm, maximal
robustness and efficient implementation. In the MR classification algorithm, the
frame representation that is the most accurate is also the most expensive in terms
of computational cost. This new family of frames is simple to design and its con-
struction provide flexibility and control over the desired amount of redundancy.
This allows the user to customize the trade-off between efficiency and accuracy. In
addition to providing custom-tailored frame transforms, the design of this new fam-
ily enriches the frame toolbox and offers a larger choice on the menu of redundant
MR representations.

Reproducible Research In the past few year there have been many efforts in the
signal processing community to adopt the ideas of reproducible research (see for
example [18, 7]). The goal here is to make freely available all the necessary tools
and materials that led to a publication. This allows signal processing algorithms to
be widely and freely accessible to the scientific community and it also permits easy
integration of results into more larger projects as well as facilitates exchanges and
collaborations within the community. In our work, we followed the reproducible
research paradigm. Namely, we distributed via the web all the material used to
produce journal papers issued from our work. We made our classification algorithm
as well as the frame toolbox available freely. The code is be accompanied by a
compendium containing all the necessary data to reproduce any of the results in
our published papers, as well as additional material such as proofs and pseudo-code
(see, for example, the compendium for [23]).

Future Research
Multiresolution Classification Algorithm

To improve the performance of our MR classifier, a few venues are possible. By
examining each of the blocks of the system, we discuss several potential avenues for
enriching our classification toolbox as well as ways to enhance its last three blocks:
feature extraction, classifier and weighting procedure.

Feature Extraction Block The aim of this block is to extract numerical features
that will best characterize the data at hand. In building the MR classification
system, we not only intended it to be accurate and adaptive to the specific data
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Figure 8.5: MR boosting classification system.

sets available to us, but to be versatile and applicable to other data sets as well.
Having that in mind, we would like to have a pool of feature sets from which to
choose depending on the input data.

It would also be important to examine how to make this block adaptive to
the input signal. This is possible in two different ways: a “coarse” adaptivity per
feature set and a “finer” adaptivity per subband. For the former, we would select
the feature set that best suits each subband. Since each subband expresses different
space-frequency content which lies within a signal, it is natural to think that some
feature sets are more suitable for some subbands than for others. For example, it
seems natural to have some morphological features (such as the number of objects)
used in the coarse subbands, but in the detailed versions, one would rely on other
types of features. As for the latter, we can describe a subband even better if within
each feature set chosen for that MR subspace, we target only relevant features.
This way, we avoid computing features that are not useful for classifying a data set.
Thus reducing the size of the feature vector characterizing a subband at a given
position in the MR tree would not only allow us to better describe the data but
would improve the efficiency of the classification system as well. In a similar fashion
to what we did with the weighting procedure, another variation on this theme would
be to have the feature selection process per class and per data set.

Classifier and Weighting Blocks Currently, the classifier we use is composed of
NNs that act independently on each subband to produce local decisions. The sub-
sequent weighting procedure combines many local decisions into a single global one
to finally assign a label to an image. We propose as a future venue to allow the
subbands to work together to come up with a final decision by using a modified
version of a boosting algorithm.
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Boosting is a powerful technique for combining multiple base classifiers (here
NNs) to form a committee whose performance can be significantly better than
that of any of the base classifiers (called weak learners), as long as these achieve
accuracies slightly higher than random. The most widely used form of boosting
algorithm is called AdaBoost (for adaptive boosting) [44]. With boosting, the base
classifiers are trained in sequence, and the boosting effect comes from the fact that
data points that have been misclassified by one of the previous base classifiers are
given greater weight when used to train the next classifier in the sequence. Once the
classifiers are trained, their predictions are combined through a weighted majority
voting process.

We propose an MR boosting algorithm where each base classifier (NN) rep-
resents a subband. The subbands would now work in sequence as opposed to the
current system where they work in parallel. We train the first NN classifier (corre-
sponding to the first subband) using weighting coefficients that are all equal. That
means that we give each data point equal importance in reaching a correct classifica-
tion decision. In the subsequent iterations, the weighting coefficients are increased
for data points that were misclassified and decreased for data point that are cor-
rectly classified. Successive classifiers (subbands) are therefore forced to put greater
emphasis on those points that have been misclassified by previous subbands, and
data points that continue to be misclassified by successive classifiers receive ever
greater weight. Once all subbands have been trained, their decisions are assembled
by a weighted sum (similar to our current weighting procedure) where a greater
weight will be given to the more accurate classifier.

Note that, unlike the usual boosting algorithm where the subsequent classi-
fiers have as their input the set of misclassified data points, here (see Fig. 8.5) we
propose to boost the performance of each base classifier based on the input from
“its subband” as well as from the previous classifier (the misclassified points).

Theory of Frame Multiresolution Classification

Our work on frame classification establishes the foundations for a theory that allows
to answer fundamental questions. We proved that, in a particular setting, frames
outperform bases in regards to classification. In the future, this work can be gen-
eralized to more complicated classification problems. A top priority would be to
extend our theory to multiple classes as well as classes with multiple clusters. It
is also important to consider making the decision function a nonlinear function of
the transform coefficients, as is usually the case in any real-world implementation
of these ideas. By doing so, one would then be able to fit the present MR classifi-
cation work in this model (multiple classes, nonlinear features) and truly establish
theoretical results for the MR classification of biomedical images.

Another general issue, similar to the one we tackled in this work, is that of
why is it always better to use multiresolution representations for classification as
opposed to using only the original data. We believe that first gathering a complete
understanding and answer to the first question “why are frames better than bases”
will help better tackle this question. It is unclear how one would easily answer
“why using MR is better than not using it?”. We anticipate that here the modeling
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of the signals at hand would play an important role in understanding the role of
multiresolution representations in classification.

As for the new frame family we designed—lapped tight frame transforms, the
immediate future step would be to integrate these into our adaptive multiresolution
classification algorithm and study their performance for different biomedical data
sets. Another possible venue is to find necessary conditions that would ensure the
maximal robustness property of these frames.
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Abstract

This thesis presents a mathematical framework and an algorithm for the
classification of biomedical image data sets based on adaptive and redundant
multiresolution representations---frames. We illustrate the results on several
different biomedical applications.

Classification is a ubiquitous problem in image processing; many biomedical
tasks are in essence classification problems. Examples of such problems
include determining a specific protein from its subcellular location pattern,
determining the developmental stage of Drosophila embryos, recognizing
tissue types in histological images of stem-cell teratomas, as well as
determining otitis media stages. Though cumbersome, some of the above
tasks, and many similar ones, are performed simply by visual inspection. As
our eyes are not trained to extract statistical measures or time-frequency
behavior of the signal across scales, these characteristics often pass
unnoticed, resulting in poorer performance. We hypothesize that classifying
adaptively in multiresolution subspaces will increase classification accuracy.
We develop a new classifier, based on adaptive multiresolution ideas, by
adding a multiresolution block in front of a generic classifier. The system is
completed with a weighting block at the end, which plays the role of an arbiter;
it decides how to combine the "“subspace" decisions into a common one. The
classifier achieves remarkable results, with most of the applications having
classification accuracy in the mid-to high 90s.

In all of the applications, redundant multiresolution transforms performed the
best. This led us to ask the following question: Why do frames perform better
than bases? This question is nontrivial in scope, to begin to answer it we
propose a classification scheme which uses finite frames and introduce a
measure-theoretic framework for the analysis of classification errors. We then
use this framework to examine those classes of signals for which a bases-
based classification scheme is sufficient, and those for which a frame-based
scheme is superior. We also show the proposed classification scheme
performs well in the presence of noise.

Finally, as there are very few frame families available in the literature, we
embarked on developing our own. To that end, we introduce a new class of
frames we call lapped tight frame transforms, obtained by seeding from higher-
dimensional orthonormal bases. We prove several properties of such frames,
such as tightness, equal norm and maximal robustness.






