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Preamble: square matrices

Condition number of A € R"*X":

k(A) = || A| A7)

(Recall: ||A|| = max{||Az| : ||lz|| < 1}.)

Key parameter for problem

Ax = b.



*

Sensitivity to data perturbations:

A(x + 6z) = b+ b =

oo _ . qyllobl
B ol

Performance of iterative methods:
For A is symmetric and positive definite,
k CGQG iterations vield

k

g = Fla _ , [/5(A) 1

lzo —zlla ™ | \/k(A) +1

Effects of finite-precision arithmetic.

Measure of well-posedness:

1
k(A)

dist(A, Sing)
1Al
min{||B|| : A+ B is singular}
1A |




The latter follows from this classical identity:

Thm 1 (Eckart and Young) Assume
A € R" " js non-singular. Then

1 —
A=
maX{5 . 5BRn C AIB%Rn}

min{||Bl|| : A+ B is singular} =

Notation: Bpy:= {z € RY: ||z| < 1}.



AGENDA:

> Conditioning of conic systems

Ax = b
x € C,

where A € R™*" and C C R" is a closed
convex cone.

e Consider data structure, e.g., sparsity or
block-structure.

e Conditioning of generalized equations

be F(x),
where F': X = Y is a set-valued mapping.



Well-posedness

Let C C R™ be a closed convex cone.

Definition: A € R™*" is well-posed if

AC =R"

Notice

o A well-posed iff

Ar=b, z € C
feasible for all b € R™.

o If m=mn and C = R" then

A well-posed < A non-singular.

Write

Ae W if A well-posed,
AeTif Aill-posed.



Generalization of E-Y identity:

Thm 2 (Renegar) Assume A€ W. Then

min{||B|| : A+ BeT}=

Notice:

maX{5 . 5]BRm C A(BRn M O)} =
1

max min{||z|| : Ax = v, z € C}
’UEBRm

1

sort of w———r.
A=)




Definition (Renegar)

Condition number := reciprocal of
dist(A,Z)  min{||B||: A+ B €1}
1Al | Al |

This condition number is useful to study
e sSensitivity to data perturbations

e performance of iterative (interior-point)
methods

e cffects of finite-precision arithmetic

for the conic optimization problem:

min {(c, x)
Axr = b
x e C.

(Renegar, Filipowski, Vera, Freund, Epelman,
Nufez, Ordonez, Cucker, Cheung, P.,...)
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Limitation: some results are too
conservative.

Idea: consider structured conditioning.

Suppose A C R™M*X" js given, e.g., some
sparsity pattern.

Consider

dista(A,Z) ;= inf{||Blla: BEA, A+ B T}.



Unstructured case: A = R™MX"™,

Special case: when m =n and C = R"

distA(A,7Z) = structured dist to singularity
(Demmel, Gohberg, Higham, Rump, Qiu,...)

Also related to u-number in robust control
(Doyle, Fan, Packard, Tits,...)
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Natural question:

Is there a structured version of the
Eckart-Young identity?

Answer: Yes when A is a block-structure.
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AGENDA:

e Conditioning of conic systems

Ax = b
x € C,

where A € R™*" and C C R" is a closed
convex cone.

> Consider data structure, e.g., sparsity or
block-structure.

e Conditioning of generalized equations

be F(x),
where F': X = Y is a set-valued mapping.
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Simple block-structure

Perturb only certain rows and columns of A:
Assume R = R*¥ x R"—k R™ = R! x R™~! and

B 0] . X
A:“O O].BeR’f l}. (1)

Thm 3 (P.) Assume Ae W. Then

diStA(A,I) =
sup{d : By C {Ax:z € C,||z1] < 1}}

Notice

sup{é : 6B C{Axz:z € C,||z1]| < 1}} =
1

max inf {||z1]| : Az = v, x € C}
UE]BRZ

1

sort of .
|A=L]
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Proof of Thm 3 (sketch).

Alternative (separation):

AceZ & Jy#0s.t AlyeC

Norm-duality (following Borwein):

max inf {||z1|| : Az =v, z € C} =
UEBRZ

sup sup{”y]L|| AT —I—uEC*}.
uEBRk,’LL#O

RHS: sort of “||A=T|".

Rank-one construction:

Come up with u € R¥, v € R! such that

A+ v(u,) €T,
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General block-structure

Suppose X; C X, Y, CY,1=1,...,k. Let
A = {B :B=Y B;, B; € L(Xi,Y,,;)},
and for B=> B, € A, let

1Bl == max|| Bl

Thm 4 (P.) Assume Ae W. Then

1
dista(A, 7)) = ——,
¢(A)
where
Pp(A) =
max inf {m_ax il 2> 0,Ax = szfuj, x € C} :
UJEIB%Yj ? Z;

$(A) : sort of “||A~1
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Proof of Thm 4 (sketch).

Alternative: Ac T < Jy+0s.t. AlyeC*.

Structured norm-duality:

P(A) =
sup sup{ min Hyi.” ATy + 3 € C*}.
wieBy i,ui70 [[u'|]

RHS: sort of “||A~T|".

Rank-k construction:

Come up with u* € X;, v* € Y; such that

A+ Zvi<ui, e T.
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Componentwise distance to ill-posedness

Suppose E € {0, 1}'™*" defines some sparsity
structure, e.qg.,

O O X X

O X XO
O O O X

X O o X
X X OO

Consider the 1 x 1 blocks defined by E.
In this case

distpA(A,7) = inf{§ : 3B with |B| <§ E
s.t. A+ Bel}.

Write distp(A,7Z) = dista(A,Z) to emphasize
role of E.
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Componentwise version of Thm 4:

Given B € RM*" |et

P(A,B) :=infz, max @
j:]_...n Z]
s.t. Ax = Bz
x e (C
z > 0.

Thm 5 (P.) Assume A e W and
E € {0,1}™*"™  Then

1

distp(A,Z) =
E( ) max|B|:E (D(A,B)
1

MaXg CD(A, SE')’
max taken over signature matrices:
S is a signature matrix iff |S| = 1.
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Componentwise distance to singularity

Connection with eigenvalues:

Example. Assume A € R"*™ is non-singular
and B € R*"*™ Then

1
po(A~1B)

inf{|0| : A+ 0B € Sing} =

po(+) is the real spectral radius:

po(M) := max{|A| : XA is a real eigenvalue of M}.
(If M has no real eigenvalues, pg(M) :=0.)
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Thm 6 (Rohn) Assume A € R"*" js
non-singular and E € {0,1}™>*™._ Then

inf{6 : 4B with |B| <J§FE s.t. A+B € Sing} =
1

maxg, s, Po(A7151ES5)’

max taken over signature matrices.

Can recover Thm 6 from Thm 5.
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Key step:

Thm 7 (Rump) Assume M € R*"*"™. Then

M .
max pg(MS) = max min (M)
S 2#0 ;70 |z

(M Sz),]

= max inf max
S 2z>0 1 Z;

= mSaxcb(I,MS).

(Can be shown via LP duality.)

Thus,
maxqg P(A,SE)

MmaXg, s, d (1, A_lleSQ)
maxg, s, Po(A"1S1ES).

Hence Thm 6 follows from Thm 5.
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T he structured singular value

Assume n =m, R" = Xq x --- x X, and
C = R".
Let

A:={B:B=Y) Bj Bj€ L(X;,X;)}.

(A : a diagonal block-structure.)

Definition (Doyle)

1

pa(M) 1= inf{||B|| : B € A,det(I — MB) =0}

uA: important parameter in robust control
(Doyle, Fan, Packard, Tits,...)
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Notice: For M non-singular
1

— = inf{||B||la : B€ A,M~! - B € Sing}
pa (M)

= distA (M1, 7).

Hence can characterize pa by using Thm 4.
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AGENDA:

e Conditioning of conic systems

Ax = b
x € C,

where A € R™*" and C C R" is a closed
convex cone.

e Consider data structure, e.g., sparsity or
block-structure.

> Conditioning of generalized equations

be F(x),
where F': X = Y is a set-valued mapping.
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Generalized equations

Let F: R™ = R™ be a set-valued mapping:
F(x) CY for z € X.

Define graph(F) C R® x R™, F~1:R™ = R"
as follows

graph(F) := {(z,y) :y € F(x)},

re F l(y) e ye F).

Generalized equation:

Given be Y, find x € X s.t. be F(x).
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Examples of generalized equations

Usual equations:

f(x) =0
for f . R" — R™,

Conic systems:

Ax = b, x € C.

Complementarity problems:

f(x)>b, >0, 2" (f(z) —b) =0.

Variational inequalities:

be f(x) + Np(x),
where D C R"™ is a closed convex set.

Optimality conditions (e.g., KKT).
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Metric regularity

Assume F :R" =2 R™ and y € F(x).

Definition. F' is metrically regular at x for y
if there exists k > 0 such that

d(z, F~1(y)) < kd(y, F(z)) (2)
for all (x,y) in a neighborhood of (z,y). Let

reg F(z|y) :=inf{x : (2) holds}.

Convention: reg F(x|y) := oo if F is not
metrically regular at x for y.
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Thm 8 (Dontchev, Lewis, Rockafellar)
Assume F : R" = R™, y € F'(x) and graph(F")
is locally closed at (x,y). Then

inf{|[B|| : reg(F 4 B)(Z |§+ BE) = oo} =
1

reg F(z|y)

Connections with fundamental results in
non-smooth analysis:

Lusternik-Graves, Robinson-Ursescu.

(Extensions of open mapping and closed
graph thms.)
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Sublinear mappings

Definition. F : R"™ = R is sublinear if
graph(F) is a convex cone.

Conic systems: special case of sublinear
mappings.

For F' sublinear define

[F|l = sup inf{|ly|l 1y € F(z)}.
xEBRn

Fact: If F is sublinear, then so is F~1 and

reg F(0]0) = ||[F 1.
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Thm 9 (Lewis) Assume F' is a sublinear
mapping with closed graph. Then

1
inf{|G|| : G € L(X,Y), F+G not surj} = Tk
Block-structured version:

Thm 10 (Lewis, also P.) Assume F is a
sublinear mapping with closed graph. Then

1
inf{||B||a : B € A, F+ B not surj} = i
[ F~HIA
where
—1=
[F A =
sup inf {max il 1 2>0,x € F‘l(szvj)} :
’UjEBYj v 2
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Proof of Thm 10 (sketch).
Adjoint: Define F* : Y* = X™* by

u € F*(v) & (v,y) > (u,z) Vy € F ().

Alternative (separation):
F' not surjective & Jv #0 s.t. 0 € F*(v).

Structured norm-duality (following Borwein):

Thm 11 (P.) Assume F a sublinear mapping
with closed graph. Then

14— __ —
IF= YA = 1F*L,

where
IF*)1X =
sup sup{ min ||’Ué|| 2z >0,v € F‘*(szuj>}.
wi€B i,ui70 [|u']|
J

Rank-k construction.
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For X, Y Banach spaces and F': X = Y.

Good news:
Structured norm-duality holds.

Bad news:
Alternative step fails:
F not surj & Jv #0 s.t. 0 € F*(v).

Thm 10 (structured case) does not hold.

Good news:
Dual counterpart holds.
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Definition:

F* is A-singular iff ||[F~*||{ = occ.

For X, Y Banach spaces:

Thm 12 (P.) Assume F*:Y* = X* is not
A-singular. Then
1

inf{||B*||a : F*+ B™is A-sing} = —
IE=* [ A

Good news:
Under suitable circumstances
F is not surj & F* is A-singular.

Thus, amended version of Thm 10 holds for
Banach spaces X,Y.

In particular, Thm 9 (unstructured case)
holds for Banach spaces X,Y (Lewis).
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Conclusions

e Eckart-Young identity extends to:
* COonic systems and set-valued mappings
* block-structured perturbations.

e [ hree key steps:
* alternative

Ael & dy#0s.t. AYye C*

* norm-duality
ATt = A

* low-rank construction.

e Current work:
x Other types of structure, e.g., symmetry
(cf. Rump)
* infinite-dimensional spaces
x structured metric regularity
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