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ABSTRACT. A dominant concern in rational choice theory is rationalizability of choice
functions. Rationalizability demands that a choice function can be represented by a pref-
erence relation according to which the choice function selects for each decision problem
those alternatives which are most preferred (or undominated by other alternatives). A less
demanding notion demands that a choice function can be represented by a collection of
preference relations according to which for each decision problem the choice function se-
lects those alternatives which are best (or undominated) for at least one preference relation
in the given collection. This notion, called pseudo-rationalizability, has been given special
attention in social choice theory and by philosophers such as Hans Rott and Isaac Levi.

The purpose of this article is to extend known representation results due to Aizerman
and Malishevski [1] and Moulin [5]. In [1] and [5] it is assumed that the underlying set of
all options X is finite and the domain of the choice function consists of all finite nonempty
subsets of X. We extend these results, relaxing both assumptions.

Summary of Present Contents: In Section 1 we review choice functions and introduce some
domain and functional constraints we sometimes assume in the paper. In Section 2 we re-
view some properties of binary relations and state and prove several variants of Spzilrajn’s
Theorem (these will become useful in later versions of the article). Finally, in Section
3 we introduce the notion of pseudo-rationalizablility and state and prove several results
which extend known pseudo-rationalizability results. Further extensions of the results due
to Aizerman and Malishevski and to Moulin will be added to this article.

1. CHOICE FUNCTIONS
We begin with several definitions.

Definition 1.1. Let X be a nonempty set, and let . be a nonempty collection of subsets
of X.
(i) The pair (X,.7) is called a choice space.
(i) A choice function (or selection function) on (X,.#) is a function v : .¥¥ — P (X)
such that v(S) C S forevery S € .#.!
We call S € .¥ a menu (or decision problem) and v(S) a choice set (or the admissible
options).

Definition 1.2. Let (X,.7) be a choice space.

(i) We say that .7 is closed under arbitrary disjoint unions if for every nonempty
collection I C . of disjoint sets, | J ser Se.Z.
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(i) We say that . is closed under nonempty relative complements if whenever S, T €
& and S\T # (), then S\T € .&.

(iii) We say that . contains the unit if X € 7.

(iv) We say that (X, .%) is closed under arbitrary disjoint unions (closed under nonempty
relative complements, contains the unit) if .% is closed under arbitrary disjoint
unions (closed under relative complements, contains the unit).

In the following, for a set X we let &, (X) denote the collection of all nonempty
finite subsets of X.

Definition 1.3. Let v be a choice function on a choice space (X, .7).
(i) We say that v is iferative (with respect to (X, %)) if v(.#) C &, i.e., for every
Ses, yS) e S
(i) We say that v is regular if for every S € .77, if S # (), then v(S) # 0.

In the study of rational choice, coherence constraints have been imposed on the form
relationships may take among choices across varying menus. In other words, these re-
quirements specify how choices must be made across different decision problems. We will
focus on only a few of these coherence constraints:

(o) Forevery S, T € .7,if S C T, then S Ny(T) C 4(S). (Sen’s Property )
(8) Forevery S,T € &,if S C T and v(T) N y(S) # (), then v(S) C (T). (Sen’s Property [3)
(Aiz) Forevery S,T € ., if S C T'and (I) C S, then (S) C (7). (Aizerman’s Axiom)

2. BINARY RELATIONS AND SZPILRAJN’S THEOREM

We now enumerate some properties of binary relations. We adopt the usual infix no-
tation, writing xRy if (z,y) € R. When there is no danger of confusion, we write
—xRy if (z,y) ¢ R. Also, if R is a binary relation on X, we define R~! by setting
R = {(x,): (4y) € R}.

Definition 2.1."Let X be a set, and let R be a binary relation on X.

(1) We call R reflexive if for every xz € X, xRx.
(i) We call R irreflexive if for every x € X, "z Rx.
(iii) We call R asymmetric if for every z,y € X, if xRy, then ~yRx.
(iv) We call R antisymmetric if for every x,y € X, if t Ry and y Rz, then x = y.
(v) We call R complete (or total) if for every x,y € X, xRy or yRz.
(vi) We call R connected if for every z,y € X, if x # y, then x Ry or yRz.
(vii) We cal R transitive if for every x,y, z € X, if t Ry and yRz, then zRz.
(viii) We call R modular (or negatively transitive) if for every x,y, z € X, if x Ry, then
TRz or zRy.
(ix) We call R acyclic if for every n < w and g, ...,zp—1 € X, if x;Rx;41 for each
i <n—1,then —x,_1 Rxg.

We now recall several composite properties of binary relations.

Definition 2.2. Let X be a set, and let R be a binary relation on X.

(1) We call R a quasiorder (or preorder) if it is reflexive and transitive.
(i) We call R a weak order (or total preorder) if it is a complete quasiorder.
(iii)) We call R a partial order if it an antisymmetric quasiorder.
(iv) We call R a total order (or ordering) if it is a complete partial order.
(v) We call R a well-ordering if it a total ordering such that for every nonempty S C
X, there is x € S such that for all y € X, zRy.
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(vi) We call R a strict weak order if it is asymmetric and modular.
(vii) We call R a strict partial order if it is irreflexive and transitive.
(viii) We call R a strict total order (or strict ordering) if it is asymmetric, modular, and
connected.

If R is a binary relation on X, we say that the pair (X, R) is a quasiorder (weak order,
partial order, etc.) if R is a quasiorder (weak order, partial order, etc.). We invite the reader
to investigate the interrelations among the foregoing properties.

Let us adopt the following terminology. If Ry and R; are binary relations on X, call
R, an extension of Ry (with respect to X) if Ry C Ry and Ry N ((X % X)\Ral) -
Ry N((X x X)\R;'). Observe that if R, is an extension of R; and Rj is an extension of
Ry, then R is an extension of Ry. Shortly we will show that every quasiorder has a weak
order extension. We begin with a lemma.

Lemma 2.3. Let (X, =) be a quasiorder, and let v,w € X. Suppose that v # w and
w % v. Then = has a quasiorder extension g such that v g w.

Proof. Define a binary relation 2Z on X by setting
= H{(z,y) e X x X :z>vandw = y}.

Observe that since > is reflexive, we have that v g w. We claim that g is a quasiorder
extension of >. We first establish that ; is a quasiorder. Since > C g, it follows immedi-
ately that 7 is reflexive. We show that 7 is transitive. Let x, y, z € X, and suppose = Z y
and y 7 z. We consider four cases in turn.

() Ifzx = yandy > z,thenz = z and so & < z.

(i) If x > yand y = v and w > z, then since > is transitive, it follows that x > v,
whereby x 75 2.

(iii) If x = vand w >~ y and y > z, then since > is transitive, it follows that w > z,
whereby © £ z.

@(v) Ifx = vandw = yand y = v and w > z, then since > is transitive, it follows
that w > v, which is impossible.

Thus, g 1s transitive, and g is a quasiorder.

We now show that ; is an extension of >. As indicated above, we have that > C g We
establish that = N((X x X)\ =7 ') CZN((X x X)\ £7!). Letz,y € X, and suppose
z > yandy % x. Clearly z g y. If it were the case that y I @, theny = v and w = =,
so since > is transitive and since w > z, x > ¥, and y > v, it would follow that w > v,
which is impossible. Thus, = Z y. O

Remark 2.4. Observe that by similar reasoning > has a quasiorder extension ' such that

w Z' v. Thus, > has at least two quasiorder extensions, 7Z and Z/, for which v Z w and
—

w g v.

Let us review the elements of Zorn’s Lemma.

Definition 2.5. Let (X, <) be a partial order.

(i) Wecall C C X a chain if for all a,b € C, eithera < borb < a.
(ii) We say that (X, <) is inductive if X # ) and for every nonempty chain C C X,
there is a € X such that forallb € C, b < a (i.e., C is bounded above).
(iii) We call @ € X a maximal member of (X, <) if for every b € X, if a < b, then
a=nh.
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Theorem 2.6 (Zorn’s Lemma). Every inductive partially ordered set has a maximal ele-
ment.

We now state and prove an important theorem based on a result due to Szpilrajn [8].2
Theorem 2.7. Every quasiorder has a weak order extension.

Proof. Let (X, >) be a quasiorder. Set
R = {re Z(X x X): 7 isaquasiorder extension of >}.

~

Observe that (2R, C) is a partial order. Also observe that >€ R. We show that (R, C)
is inductive. Let C C ‘R be a nonempty chain, and set =:= | J. ., 5+ Clearly 2 C = for
every - € C. We must accordingly show that > is a quasiorder extension of >.

We first establish that (X, >) is a quasiorder. Since C is nonempty and 7 is reflexive
for every € C, it follows immediately that > is also reflexive. We claim that = is also
transitive. Let «,y, z € X, and suppose > y and y = 2. Then there are -, '€ C such
that x 7~ y and y =’ 2. Since C is a chain, it follows that either 2 %7/ y or y = z, whereby
since - and 7=’ are both transitive, either x =’ z or.@ = 2, whence z = 2.

We now show that > is an extension of >. Since C is nonempty and > C =~ for each
> € C, we have that > C =. Furthermore, >N((X x X)\ >71) C=N((X x X)\ =71),
for if x,y € X are such that x > y and y z x, then since 2~ is an extension of > for each
7€ C,wehave thatx 77 y and y 7 « foreach 7€ C,so z = y and y % «.

Hence, C is bounded above. Therefore, it follows by Zorn’s Lemma that there is a
maximal member > € R. We claim that > is complete. For reductio ad absurdum, assume
there are v,w € X such that v % w and w % v. Then by Lemma 2.3 it follows that >
has a quasiorder extension g such that v g w. But then g is a quasiorder extension of >,
= C z, and »=#Z, yielding a contradiction. O

The following corollary is an immediate consequence of Theorem 2.7.
Corollary 2.8. Every transitive relation has a weak order extension.

Proof. Let X be a set, and let R be a binary relation X. Let A be the diagonal of X, i.e.,
A = {(z,z) +a € X}. Define a binary relation > on X by setting >:= A U R. Clearly
> is reflexive and transitive. By Theorem 2.7, > has a weak order extension, which in turn
is-a weak order extension of R. [l

We can also adapt the proofs of Lemma 2.3 and Theorem 2.7 to obtain Szpilrajn’s
Theorem [8]. As before, we begin with a lemma.

Lemma 2.9. Let (X, >) be a partial order, and let v,w € X. Suppose that v % w and
w % v. Then = has a partial order extension g, such that v g w.

Proof. Define a binary relation 7 as in the proof of Lemma 2.3. As before, we have that
v Z w. We'must show that Z is a partial order extension of . In light of the proof of
Lemma 2.3, we must only show that  is antisymmetric. Let z,y € X, and suppose = Z y
and y % . We consider four cases in turn.

Zpeter C. Fishburn in [2, pp. 16-18] shows that every strict partial order has a strict total order extension,
while Bengt Hansson in [3, pp. 454-455] and Kotaro Suzumura in [7, pp. 15-16] show that every quasiorder has
a weak order extension. Each proof invokes Zorn’s Lemma. See Remark 2.11 below for a brief discussion of the
proofs of Theorem 2.7 and Theorem 2.10 . Szpilrajn’s original theorem asserts that every strict partial order has
a strict total order extension, and his proof appeals to a version of Zorn’s Lemma. As a historical aside, Szpilrajn
remarks in his article that the “theorem is familiar, but the proofs, due to MM. Banach, Kuratowski, and Tarski,
are not yet published” (see [6] for an English translation of [8]).
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(i) If z = y and y > x, then we immediately have that x = y.
(i) If z = yand y =~ v and w > z, then since > is transitive, it follows that z > v,
whereby w >~ v, which is impossible.
(iii)) If x > vand w > y and y > =z, then since > is transitive, it follows that w > =,
whereby w > v, which is impossible.
@iv) If x = vand w > y and y >~ v and w > =z, then since > is transitive, it follows
that w >~ v, which is again impossible.
Thus, 7 is antisymmetric, and  is a partial order. One proceeds as in the proof of Lemma
2.3 to establish that g is an extension of ». Thus, g is a partial order extension of >~. [l

Corollary 2.10 (Szpilrajn’s Theorem).

(1) Every partial order has a total order extension.
(ii) Every strict partial order has a strict total order extension.

Proof. Observe that part (i) and part (ii) are equivalent. We prove part (i). Let (X, >) be a
partial order. Set

R = {me P(X x X): 7 is apartial order extension of >}.

Observe that (MR, C) is a partial order and that >€ R. As in the proof of Theorem 2.7,
one must show that (R, C) is inductive. Let C C R be a nonempty chain, and set »=:=
Usce Z- Again, clearly 27 C = for every ;z€ C. We must accordingly show that > is
a Eartial order extension of >. To show that > is an extension of >, one proceeds as in
the proof of Theorem 2.7. To verify that > is a partial order, it suffices to show that > is
antisymmetric in light of the proof of Theorem 2.7,

Let 2,y € X, and suppose x = y and y = x. Then there are =, ='€ C such that x 7~ y
and y >~/ x. Since C is a chain, it follows that either « 7=’ y or y 7~ x, whereby since >~ and
7' are both antisymmetric, we have that z = y.

Hence, C is bounded above, so by Zorn’s Lemma there is a maximal member =€ fR.
As before, we must establish that > is complete. For reductio ad absurdum, assume that
there are v, w € X such thatv % w and w % v. Then by Lemma 2.9 it follows that > has
a partial order extension & such that v ZZ w. But then Z is a partial order extension of >,
= C %, and =#7, yielding a contradiction. (I

Remark 2.11. Theorem 2.7 and Szpilrajn’s Theorem do not require the full strength of
Zorn’s Lemma (and so the Axiom of Choice). In fact, these results can be established
using the Compactness Theorem of first-order logic (which in turn is equivalent to the
Prime Ideal Theorem). Using the Compactness Theorem, however, creates no less work
than that required in the proofs offered here. Indeed, one employs a similar argument (see
[4] for a proof using a compactness argument).

Finally, we state and prove a theorem we will find useful later.

Theorem 2.12. Let (X, ) be a strict partial order, let v € X, and let S(v) := {w € X :
v £ wandv ¥ wandw ¥ v}. Then = has a strict total order extension > such for all
w € S(v), v>w.

Proof. Let k = |S(v)|, and let (w,, : @ < k) enumerate S(v). We construct a sequence of
binary relations (>-,: o < k) by transfinite recursion as follows. For each o < k, define

= U{(z,y) e X x X : (x> vorz=wv)and (wy > yorwy=0v)}
o= g U{(z,y) e X x X : (z =vorz=v)and (wy = yorwy =79)}
(Uﬁ<a o) U{(z,y) EX X X : (z=vorx=v)and (wy > yorw, =y)}

ifa=0
ifa=p4+1
if o is a limit ordinal.
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Observe that for all o, 8 < kK, >, is a strict partial order, v >, w,, and if « < [, then
=aC>p3. Set >0:= |J, ., =a- Then >q is a strict partial order, so by Szpilrajn’s Theorem
>0 has a strict total order extension >. Hence, by construction > is a strict total order
extension of > and for all w € S(v), v > w.

O

3. EXTENSIONS OF PSEUDO-RATIONALIZABILITY RESULTS
We recall a several definitions:

Definition 3.1. Let y be a choice function on a choice space (X,.#). We say that a binary
relation R on X (transitive, complete, weak order, etc.) rationalizes+y if for every S € .%,

v(S)={x € S:zRyforally € S}.

We thereby call v (transitive, complete, weak order, etc.) rational (or rationalizable) if
there is a (transitive, complete, modular, etc.) binary relation R on X that rationalizes 7.

Definition 3.2. Let v be a choice function on a choice space (X, .%).

(1) We say that -y is (transitive, complete, weak order, etc.) G-rational (or G-rationalizable)
if there is a (transitive, complete, etc.) reflexive binary relation > on X that ratio-
nalizes ~.

(i) We say that ~y is (modular, acyclic, strict weak order, etc.) M-rational (or M-
rationalizable) if there is a (modular, acyclic, etc.) asymmetric binary relation >
on X such that ((X x X)\ >)~! rationalizes 7.

For our purposes, we recall the following well-known (“soundness”) result:

Fact 3.3. Ler v be a choice function on a choice space (X,.7). If v is strict weak order
M-rational (weak order G-rational), then ~y satisfies condition o and condition (3.

Definition 3.4. Let v be a choice function on a choice space (X,.7).

(1) We say that v is (weak order; total order, etc.) G-pseudo-rational (or G-pseudo-
rationalizable) of order of at most k if there is a collection (y; : ¢ € I) of (weak
order, total order, etc.) regular G-rational choice functions on (X,.#) such that
|7| <k and forall S € .7,

2(8) = (J(8)
icl
We thereby say that (v; : i € I) G-pseudo-rationalizes ~.

(i) We say that «y is (strict weak order, strict total order, etc.) M-pseudo-rational (or
M-pseudo-rationalizable) of order of at most k if there is a collection (~y; : i € I)
of (strict weak order, strict total order, etc.) regular M-rational choice functions on
(X, ) suchthat |I| < kand forall S € .7,

v(S) = U%(S)

We thereby say that (v; : ¢ € I) M-pseudo-rationalizes ~y.

Theorem 3.5. Letr v be a regular, iterative choice function on a choice space (X,.7)
which contains the unit and which is closed under arbitrary disjoint unions and nonempty
relative complements. Let k := |X|, and let \ := |.|. Then v is strict weak order M-
pseudo-rationalizable of order at most A\ < 2% if and only if ~ satisfies condition o and
condition AA.
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Suppose 7 is M-pseudo-rationalizable (of order at most A), and let (~; : ¢ € I)
M-pseudo-rationalize 7.

Condition o: Let S,T € .7, and suppose S C T. Assume z € S N (7).
Then for some ¢ € I, x € ~;(T) and since ~; satisfies condition «, we have
SNv(T) Cvi(S) and so x € v;(S).

Condition Aiz: Let S,T € ., and suppose S C T and v(7) C S. We may
assume T' = (). Then since -; is regular for each i € T, ~;(T') # @ for each i € I.
Therefore, since ~; satisfies condition « and ~;(T') C S for each ¢ € I, we have
that v;(T) = % (T) NS C ~;(S) and so v;(T) N v;(S) # 0 for each i € I. Now
since +y; satisfies condition ( for each ¢ € I, it follows that ~;(S) C ~;(T") for
each ¢ € I. Therefore, we have that y(S) = (J,2; 7:(S) € U, %(T) = %(T)s
as desired.

Suppose v satisfies condition « and condition Aiz.

Let S € . be a nonempty set. We construct a sequence of sets (X, : o < &)
by transfinite recursion as follows. Assuming X g has been defined for all 8 < 6,
define

Y X\ Upes Xp)  if X\Upes X # 0 and y(X\Ug; Xp) € S

X5 = q X\ Upas Xp)\S i X\Us5 Xp # Dand(X\ U5 Xo) £ S

0 otherwise.

It is a simple matter to verify that there is a least n € ON for which X, C S,
and S € X\ s, Xp. Thus, by condition v and condition Aiz it follows that
Xy = UX\ U<, Xp) = 7(S). Itis equally easy to check that there is a least
¢ € ON such that X, = and n < &.
Observe that (X, : o < &) is a partition of X. Define a binary relation > on
X by setting
>i= | Xax X
a,B<&a<lf

Clearly > thus defined is asymmetric. Observe that > is also modular:

Let x,y,2z € X. Suppose x > y and = » z. Then there are §,( < £ such

that 3 < (and x € Xgandy € X¢, and for all § < & such that 8 < 9,

z ¢ Xs. Since (X, : o < &) is a partition of X, it follows that z € X for

some 6 < &, 509 < [ < ( and therefore z > y.
Define a choice function vs on (X,.¥) by setting for all T’ € .7,

vs(T) :={x €T :y>axfornoy € T}
We claim that the following properties are satisfied:
(1) s is a regular modular M-rational choice function.

(ii) Forevery T' € .7, vs(T') C ~v(T).
(i) 7(S) C 7s(S).

We establish these claims in order.
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(i) Clearly g is a modular M-rational choice function. Moreover, since there
are no infinite descending chains of ordinals, g is regular.

(i) Let T € .. We may assume that T # ), so v5(T') # (. Then since
(Xo o <€) partitions X, there is & < & such that vs(7") N X5 # 0. Choose
w € v5(T) N Xs. We claim that vs(T") C X5.

Let € vs(T). For reductio ad absurdum, assume that there'is 3 < & for
which § # (8 and z € y5(T) N X . Then since 6 < B or § < 4, it must be
the case that w > z orx > w, so x ¢ vs(T') or w ¢ vs(T), yielding a con-
tradiction. Hence, since (X, : a < &) partitions X, it follows that zz € X5,
as desired.

Now since T' C X\ U5 X, by condition it follows that v(X\ U5 X5)N
T C (7). On the one hand, if X5 = v(X\ Ug.s X)\5, then

v(T) C XsNT

= (x\JXp)\8)nT

B<s

C yx\JxpnT
B<s

C ~(T).

On the other hand, if X5 = v(X\|J;5 Xs), then
vs(I) € XsNT

— Y x)nT
B<d
S D).
Thus, vs(T) C ~(T).

(iii) Letx € v(S). For reductio ad absurdum, assume that x ¢ v5(.5). Then there
is y € Ssuch thaty > z. Since v(S) = X,,, there must be some o < 7 for
which y € X,. But by construction X = v(X\ Ug_, Xg)\S,s0y & S,
yielding a contradiction. Hence, = € vg(.S) and so y(.5) C vs(S).

We have shown that for every S € ., there is a regular modular M-rational choice
function vs such that for every T' € ., vs(T') C v(T). (Note that if S = 0, we
may. let vs := vx.) Thus, we have that for every S € .7,

U 2(S) € S),
Tes
Furthermore, since we have shown that for each S € .7, v(S) = v5(S), it

follows that

(8 = |J (9.

TeY

Finally, because we have defined a choice function g for each S € ., v is
pseudo-rationalizable of order at most A < 2%,
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d

Remark 3.6. Observe that if for each S € . we define >:= {(x,y) : y # x}, then >
is complete and transitive, and > G-rationalizes vg. We therefore immediately have the
following additional result.

Corollary 3.7. Let v be a regular, iterative choice function on a choice space (X,.7)
which contains the unit and which is closed under arbitrary disjoint unions and nonempty
relative complements. Let r := |X|, and let \ := |.|. Then =y is weak order G-pseudo-
rationalizable of order at most A < 2" if and only if -y satisfies condition @ and condition
AA.

Here we present a simple example illustrating the general idea behind the procedure
involved in the foregoing proof.

Example 3.8. Consider a choice function -y on a choice space (X, P, (X)), where X :=
{z,y, 2} and
Y({z}) == {z}, 7({y}) = {yh 2({z}) = {z},
7({xay}) = {:my}, 7({55»2}) = {Z,Z}, 7({%2}) = {y,z}v and
Y({z,y,2}) == {z, y}.
It is an easy matter to check that + thus defined satisfies condition « and condition AA.
Observe that «y violates condition -, so y is not rationalizable.

We now follow the procedure outlined in the <=-direction of the proof of Theorem 3.5.
This procedure guarantees a strict weak order >g for each S € y;,(X). Let us first
consider the case in which S := {z}. Then:

Xo = v(X)\S ={y}.

X1 =v(X\Xo)\S = {z}.

Xy = y(X\(Xo U X1)) = {z}.

X, = 0forall o > 2.
This generates a binary relation >, for which y >(,} 2z >,y xandy >, x. Similarly,
for S := {y}, the procedure generates a binary relation >,y for which x >¢y 2z >y ¥
and z >,y y. Observe that in these cases both >,y and >,y are strict total orders. Now
consider the case in which S = {z}:

Xo =v(XNS = {z,y}.

X1 =7(X\Xp) = {z}.

X, =0forall o > 1.
We thereby obtain a strict weak order >y according to which x >y zand y >,y 2.
Let us repeat the procedure for the remainder of the S € P, (X).

S :=A{z,y}.

Xo =7(X) = {z,y}.

X1 =v(X\Xo)\S = {z}

X, =0 forall a > 1.

S :={x,z}.

Xo =7v(X)\S = {y}.

X1 =~v(X\Xo) = {z, 2}
X, =0 forall a > 1.

S =y, z}.
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Xo = 1(X0\S = {x}.
X = 1(X\Xo) = {3, 7).
X, =0forall o > 1.

S = X.

Xo =v(X) = {z,y}.

X1 =v(X\Xo) = {z}.

X, =0forall o > 1.

We then define > 1, > (2,21, >{y,2}, and > x as before. Observe that >x=>, 1 =>/.;.
Thus, the procedure generates five strict weak orders. However, only two strict weak or-
ders are needed to pseudo-rationalize v, viz., >, .y and >y, .y. Observe that there are 13
possible strict weak orders on X.

Whereas the previous theorem requires the existence of a collection of strict weak or-
ders, the next theorem requires the existence of strict total orders.

Theorem 3.9. Let v be a regular choice function-on a choice space (X, P (X)). Let
k = | X|, and suppose k > Rg. Then 7 is strict total order M-pseudo-rationalizable of
order at most 3 gc 5 (xy [7(S)| < 2% if and only if 7y satisfies condition o and condition
AA.

Proof.
(=) Proceed as in Theorem 3.5.

(<) Suppose 7 satisfies condition o and condition Aiz.
Let S € £(X) be a nonempty set, let v € y(S), and let (X, <) be a well-
ordering for which v is the least element of X . Construct a sequence (z, : & < &)
by transfinite recursion as follows. Assuming x3 has been defined for all 5 < 6,
define

min<(y(X\{zp: 8'<6})) il X\{zg: 8 <} #0andy(X\{zg:B<0}) CS
x5 = { min< (Y(X\{zg: B <5})\S) if X\{zp:0 <} #0andy(X\{zg:B3<3}) LS
1] otherwise.

It is a simple matter to verify that there is a least € ON for which (X \{zg :
B <n}) €Sand S € X\{zg : f < n}. Thus, by condition o and condition
Aiz it follows that v(X\{zs : B < n}) = v(S). Since v € ¥(S), we have that
v = min<(y(X\{zg : 8 < n})) = z,. Itis equally easy to check that there is a
least £ € ON such that z¢ = () and ) < &.

Observe that (z, : o < €) exhausts X . Define a binary relation >g, on X by
setting

>g0:={(z;y) € X x X : there are o, 3 < £ such that e < fand x = z, and y = zg}.

Clearly >g , thus defined is asymmetric and connected. Observe that >g ,, is also

modular:
Let z,y,z € X. Suppose z >g, y and %5, 2. Then there are 3,( < &
such that 3 < (and x = zg and y = ¢, and for all § < £ such that 8 < 4,
z # xs. Since (2o : o < &) exhausts X, it follows that z = x5 for some
0 < & 500 < < ¢ and therefore z >g,, y.

Define a choice function vs,, on (X, (X)) by setting for all T' € £(X),

Ysp(T) i ={x €T :y>g,xfornoy € T}.
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We claim that the following properties are satisfied:

(1) "ys,v 1s a regular strict total order M-rational choice function.
(i) Forevery T € Z(X), vs,(T) C v(T).
(iil) v € v5,.,(9).

We establish these claims in order.

(1) Clearly s, is a strict total order M-rational choice function. Moreover, since
there are no infinite descending chains of ordinals, 7yg ,, is regular. Observe
that since >g,, is a strict total order, for all T € P(X), if T # 0, then
Y50 (T)| = 1.

(i) Let T € Z(X). We may assume that 7" # 0, 80 vs., (1) # 0. Then since
(o + o < &) exhausts X, there is 6 < £ such that {zs} = ~vs,,(T). Since
T C X\{zs : B < 4}, by condition « it follows that v(X\{zg : 8 <
0})NT C ~(T). On the one hand, if £5 = min<(y(X\{zg : 5 < §})\5),
then 25 € (v(X\{5 : § < SH\S)AT € X\ {&p : § < 61)NT C (T,
so x5 € y(T'). On the other hand, if 25 = ming(y(X\{zg : 8 < d})), then
x5 € Y(X\{zg : 8 <) NT C ~(T), soxg € y(T). Thus, vs,(T) C
v(T).

(iii) For reductio ad absurdum, assume that v- ¢ s, (S). Then thereisy € S
such that y >g ,, v. Then there must be some a < 7 for which y = z,. But
by construction z, € (X \{zg : 8 < 6})\S,soy ¢ S, yielding a contra-
diction. Hence, v € 7g,(95).

We have shown that for every S € £(X) and v € ~(S5), there is a regular
strict total order M-rational choice function s ,, such that for every T' € Z(X),
v5,0(T) € ¥(T). (Note thatif S = (), we may let vs,, := 7x ., for some chosen
w € y(X).) Thus, we have that for every S € Z(X),

U 'YT,U(S) - ’7(5)7

TeZ(X),vey(T)

Furthermore, since we have shown that for each S € (X)) and v € v(S) we
have v € vg,(5), it follows that

V(S) = U ’7T,v(5>‘

TeP(X),vey(T)
([l

The following example illustrates the procedure outlined in the proof of Theorem 3.9.

Example 3.10. Recall the choice function y on the choice space (X, Z;, (X)) of Exam-
ple 3.8. There + was the identity function on every S € #y;,,(X) except X, in which case
+(X) = {2 }.

According to the procedure described in the <=-direction of the proof of Theorem 3.9,
we construct a strict total order > g, for every S € P¢;,(X) and v € y(S). Let us first
consider the case in which S := {«}. In this case v(S) = {z}, so we must construct only
one strict total order. Choose a well-ordering =<, , of X for which z is the least element
of X, say, x <(4}2 ¥ <{a},« 2 a0d T <4} , 2. Then:
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zo =ming, (Y(X\S) = {y}.

ry =minz,  (Y(X\{z0})\S) = {z}.
T2 = minj{m},m (W(X\{x()’xl})) = {iC}
To = 0 forall a > 2.

We accordingly obtain a strict total order >,y , for which y >,y . 2 >(4), @, and
Y >{a2},2 T. For S := {y}, we choose a well-ordering <y, , of X for which y is the least
element of X, say, y <{y},y 2 <{y},y © and y <(,} , =. The procedure then generates a
strict total order >,y , for whichx >y, 2 >y, yand z >,y 2.

Let us consider the case in which S := X. In this case, we must construct strict total
orders for z and y. To construct >x .., choose the well-ordering <x , of X for which
T <xg¥Y <x,2z2andx <x , z. Then:

zo = min<, , (Y(X)) = {z}.

z1 = min<, , (y(X\{z0})) = {y}.

xg = min<,  (Y(X\{zo, 21})) = {z}.

To =0 forall a > 2.
We thereby obtain a strict total order > x ,, according to which * >x, y >x ., z and
T >x g 2. Asfor >x 4, choose the well-ordering < x ,, of X for whichy <x , * <x 4 2
and y <x 4 2. Then:

zo = minx, , (v(X)) = {y}.

zy = min<y  (y(X\{z0})) = {a}.

22 = minzy  (y(X\{xo,21})) = {}.

To = 0 forall a > 2.
Thus,y >x 4 © >x 4 zandy >x , z. Observe that the outcome of the procedure depends
on the choice of the well-ordering of X. For example, if j’va were chosen instead of
=x,y, Wherey <’y 2z <y ‘wandy < ,then we would have arrived at a strict total
order >’y for whichy > 2z > wandy >% , . In fact, given a certain collection
of well-orders.over X — one for each S € #;,,(X) and v € v(S) — one can produce
four out of the six possible strict total orders on X . Of course, the two excluded strict totals
orders are those for which z is ranked highest. However, only two strict total orders are
required to pseudo-rationalize v, viz., >x , and >x ;.

Theorem 3.11. Let 7y be a regular choice function on a choice space (X, P (X)) for
which | X| = Rg. Then v is strict total order M-pseudo-rationalizable of order at most
Y se Pyin(X) [7(S)| < Vo if and only if v satisfies condition « and condition AA.

Proof.

(=) Proceed as in the previous theorems.

(<) Suppose ~ satisfies condition « and condition AA. Let (z,, : n < w) be a enu-
meration of X, and for each n < w, let X, := (2; : i < n). Let S € % be a
nonempty set, and let ng be the least natural number for which S C X, . By the
proof of Theorem 3.5, for each n < w, if n > ny, there is a strict weak order >,,
and a choice function v,, on (X,,, #(X,,)) satisfying the following properties:

(i) Forevery T € Z(X,,), wm(T)={x €T :y >, xfornoy € T}.
(i1) 7y, is a regular strict weak order M-rational choice function.
(iii) Forevery T € 2(X,,), v.(T) C v(T).
(iv) 1 (S) € 7(9).
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For each n < w, define u,, : X — [0, 2] by setting
n m) T ‘ 21
i<nand T, >, T;

for each m < w such that m < n and n > ng, and u,(z,,) := 0if m > nor
n < ng. Observe that for every [, m,n < w, if m,l < n and n > ng, then

T >p @y ifand only if  wy, (2) > un(2)).
Now define u : X — [0, 2] by setting for all z € X,

u(z) := limsup uy, (z).
n—oo

Observe that for each z € X, limsup,,_, . un(z) € [0, 2]. Finally, define a binary
relation >g on X by setting for every z,y € X
x =gy :ifandonlyif <wu(z) > u(y).

Clearly > g thus defined is asymmetric and modular, i.e., a strict weak order. De-
fine a choice function g on (X, P, (X)) by setting for all T’ € F;,,(X),

vs(T):={x €T :y>gxzfornoy e T}.

We claim that the following properties are satisfied:

(v) ~vs is a regular strict weak order M-rational choice function.
(vi) Forevery T'€ P4, (X), vs(T) C v(T).
(vii) v(S) Cs(5).

As usual, we establish these claims in order.

(v) Since P¢;n(X) consists solely of all nonempty finite subsets of X and >g
is a strict weak order (and so acyclic), it follows that vs(T") # 0 for each
T e Ppin(X).

(vi) Let T € Pyin(X), and let z,,, € T. Suppose z,, ¢ v(T'). Let nq be the
least natural number for which SUT C X,,,. Letn < wbe such thatn > n;.
Then by (iii) we have x,,, ¢ v, (T) and so there is y € T such that y >,, .,
whereby uy, (y) > un (2, ). Therefore, for every n < w such that n > nyq,
there is y € T such that

max(un(2):z€T) > un(y)

1
> —_
> up(@m) + om
> Up (X))
Hence,
1
limsup max(u,(2) : 2 € T) > limsup(un(Tm) + 27m)

> limsup up (2.,).
n—oo
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Now since 7' is finite, it follows that

max(u(z) : z€T) = max(limsupu,(z):2z¢€T)
= limsupmax(u,(z) : z€T)

n—oo

> limsup(uy(zm) +

n—oo

am)
> limsup u, (7,,)
n—oo

= u(zm).

Thus, there is z € T such that u(z) > u(z,,), whence z =g z,, and so
T ¢ vs(T). Hence, vs(T) € (7).

(vii) Letz € (S5). For reductio ad absurdum, assume that z ¢ vs(S). Then there
isy € Ssuchthaty >g xand sou(y) >u(x). Butthenlimsup,,_, . u,(y) >
lim sup,,_, o un(x), so there is n < w such thatu,(y) > u,(x). Since
un(y) > 0, by construction of w,, it follows thatn > ng and x,y € X,,. But
then y >,,  and so = ¢ 7, (S), contradicting (iv). Hence, = € g ,(5).

Thus, conditions (v), (vi), and (vii) are satisfied. Now let v € ~(S). Observe
that (X, -g) is a strict partial order. Let S(v) := {w € X : v # wand v ¥g
w and w ¥ g v}. Then it follows by Theorem 2.12 that > ¢ has a strict total order
extension >g ,, such that for every w € S(v), v >g, w.

Define a choice function g , on (X, &5, (X)) by setting forall T € Py, (X),

Ysp(I)i={x €T :y>g, xfornoy € T}.

As before, we claim that the following properties are satisfied:

(viii) 7y, is a regular strict total order M-rational choice function.
(ix) Forevery T' € P4in(X), vs,(T) C v(T).
(x) 750(8) = {v}.

As for (viii), since each T' € P, (X) is finite and >g ,, is a strict total order (and
so acyclic), it follows that condition (viii) holds. For (ix), observe that for every
T € Ppim(X)suchthatx € T, ifforally € T, y #g,. @, then since >g, is
an extension of g, we have that for all y € T, y %¥g x. Thus, condition (ix) is
satisfied.

Now for reductio ad absurdum, assume that v ¢ ~yg ,,(S). Then there is w € S
such that w >g, v. Since >g,, is asymmetric, we have that v #g, w, so since
> g, 18 an extension of g, it follows that v 3 ¢ w. Observe that since v € yg(.5),
we have that w g v. Butthen v # w, v ¥g w, and w ¥g v, sow € S(v),
whence v >g , w, yielding a contradiction.

We have thereby shown that for every S € 24, (X) and v € ~(S5), there
is a regular strict total order M-rational choice function g, such that for every
T € Ppin(X), vs,0(T) € v(T). Thus, we have that for every S € Fy;,(X),

U v2.0(8) € +(S),

TEPsin(X),ve(T)
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Furthermore, since we have shown that for each S € Z7;,(X), v(S) C
75,0 (.5), it follows that

V(S) = U ’YT,U(S)'

TEPin(X),veEx(T)

In light of the proof of Theorem 3.11, we also have the following result.

Corollary 3.12. Let 7y be a regular choice function on a choice space (X, Pin (X)) for
which | X | = Nq. Then +y is strict weak order M-pseudo-rationalizable of order at most X
if and only if v satisfies condition o and condition AA.
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