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Monte Carlo:

n-step TD Returns/Targets

7.1. N -STEP TD PREDICTION 153

More formally, consider the backup applied to state St as a result of the state–
reward sequence, St, Rt+1, St+1, Rt+2, . . . , RT , ST (omitting the actions for simplic-
ity). We know that in Monte Carlo backups the estimate of v⇡(St) is updated in the
direction of the complete return:

Gt

.
= Rt+1 + �Rt+2 + �2Rt+3 + · · · + �T�t�1RT ,

where T is the last time step of the episode. Let us call this quantity the target of
the backup. Whereas in Monte Carlo backups the target is the return, in one-step
backups the target is the first reward plus the discounted estimated value of the next
state, which we call the one-step return:

G(1)
t

.
= Rt+1 + �Vt(St+1),

where Vt : S ! R here is the estimate at time t of v⇡, in which case it makes sense
that �Vt(St+1) should take the place of the remaining terms �Rt+2 + �2Rt+3 + · · · +
�T�t�1RT , as we discussed in the previous chapter. Our point now is that this idea
makes just as much sense after two steps as it does after one. The target for a
two-step target is the two-step return:

G(2)
t

.
= Rt+1 + �Rt+2 + �2Vt(St+2),

where now �2Vt(St+2) corrects for the absence of the terms �2Rt+3 + �3Rt+4 + · · · +
�T�t�1RT . Similarly, the target for an arbitrary n-step backup is the n-step return:

G(n)
t

.
= Rt+1 + �Rt+2 + �2 + · · · + �n�1Rt+n + �nVt(St+n), 8n � 1. (7.1)

All the n-step returns can be considered approximations to the full return, truncated
after n steps and then corrected for the remaining missing terms by Vt(St+n).

The time t + n is called the horizon of the n-step return. If the episode ends
before the horizon is reached, then the truncation in an n-step return e↵ectively
occurs at the episode’s end, resulting in the conventional complete return. In other

words, if t+n � T , then G(n)
t

= Gt. Thus, the last n n-step returns of an episode are
always complete returns, and an infinite-step return is always a complete return. This
definition enables us to treat Monte Carlo methods as the special case of infinite-step
targets. All of this is consistent with the tricks for treating episodic and continuing
tasks equivalently that we introduced in Section 3.4. There we chose to treat the
terminal state as a state that always transitions to itself with zero reward. Under
this trick, all n-step returns that last up to or past termination have the same value
as the complete return.

An n-step backup is defined to be a backup toward the n-step return. In the tab-
ular, state-value case, the n-step backup at time t produces the following increment
�t(St) in the estimated value Vt(St):

�t(St)
.
= ↵

h
G(n)

t
� Vt(St)

i
, (7.2)
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terminal state as a state that always transitions to itself with zero reward. Under
this trick, all n-step returns that last up to or past termination have the same value
as the complete return.

An n-step backup is defined to be a backup toward the n-step return. In the tab-
ular, state-value case, the n-step backup at time t produces the following increment
�t(St) in the estimated value Vt(St):

�t(St)
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h
G(n)

t
� Vt(St)

i
, (7.2)
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All the n-step returns can be considered approximations to the full return, truncated
after n steps and then corrected for the remaining missing terms by Vt+n�1(St+n).
If t + n � T (if the n-step return extends to or beyond termination), then all the
missing terms are taken as zero and the n-step return defined to be equal to the

ordinary full return (G(n)
t

.
= Gt if t + n � T ).

Note that n-step returns for n > 1 involve future rewards and value functions that
are not available at the time of transition from t to t + 1. No real algorithm can use
the n-step return until after it had seen Rt+n and computed Vt+n�1. The first time
these are available to be used is t+n. The natural algorithm for using n-step returns
is thus

Vt+n(St)
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= Vt+n�1(St) + ↵

h
G(n)

t
� Vt+n�1(St)

i
, 0  t < T, (7.2)

while the values of all other states remain unchanged, Vt+n(s) = Vt+n�1(s), 8s 6= St.
We call this algorithm n-step TD. Note that no changes at all are made during the
first n � 1 steps of each episode. To make up for that, an equal number of addition
updates are made at the end of the episode, after termination and before starting
the next episode. Complete pseudocode is given in the box on the next page.

The n-step return uses the value function Vt+n�1 to correct for the missing rewards
beyond Rt+n. An important property of n-step returns is that their expectation is
guaranteed to be a better estimate of v⇡ than Vt+n�1 is, in a worst-state sense. That
is, the worst error of the expected n-step return is guaranteed to be less than or
equal to �n times the worst error under Vt+n�1:

max
s

���E⇡

h
G(n)

t

���St =s
i

� v⇡(s)
���  �n max

s

���Vt+n�1(s) � v⇡(s)
���, (7.3)

for all n � 1. This is called the error reduction property of n-step returns. Because
of the error reduction property, one can show formally that all n-step TD methods
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n-step TD for estimating V ⇡ v⇡

Initialize V (s) arbitrarily, s 2 S

Parameters: step size ↵ 2 (0, 1], a positive integer n
All store and access operations (for St and Rt) can take their index mod n

Repeat (for each episode):
Initialize and store S0 6= terminal
T  1
For t = 0, 1, 2, . . . :
| If t < T , then:
| Take an action according to ⇡(·|St)
| Observe and store the next reward as Rt+1 and the next state as St+1

| If St+1 is terminal, then T  t + 1
| ⌧  t� n + 1 (⌧ is the time whose state’s estimate is being updated)
| If ⌧ � 0:

| G 
Pmin(⌧+n,T )

i=⌧+1 �i�⌧�1Ri

| If ⌧ + n < T , then: G G + �nV (S⌧+n) (G(n)
⌧ )

| V (S⌧ ) V (S⌧ ) + ↵ [G� V (S⌧ )]
Until ⌧ = T � 1

converge to the correct predictions under appropriate technical conditions. The n-
step TD methods thus form a family of sound methods, with one-step TD methods
and Monte Carlo methods as extreme members.

Example 7.1: n-step TD Methods on the Random Walk Consider using
n-step TD methods on the random walk task described in Example 6.2 and shown
in Figure 6.2. Suppose the first episode progressed directly from the center state,
C, to the right, through D and E, and then terminated on the right with a return
of 1. Recall that the estimated values of all the states started at an intermediate
value, V (s) = 0.5. As a result of this experience, a one-step method would change
only the estimate for the last state, V (E), which would be incremented toward 1, the
observed return. A two-step method, on the other hand, would increment the values
of the two states preceding termination: V (D) and V (E) both would be incremented
toward 1. A three-step method, or any n-step method for n > 2, would increment
the values of all three of the visited states toward 1, all by the same amount.

Which value of n is better? Figure 7.2 shows the results of a simple empirical test
for a larger random walk process, with 19 states (and with a �1 outcome on the
left, all values initialized to 0), which we use as a running example in this chapter.
Results are shown for n-step TD methods with a range of values for n and ↵. The
performance measure for each parameter setting, shown on the vertical axis, is the
square-root of the average squared error between the predictions at the end of the
episode for the 19 states and their true values, then averaged over the first 10 episodes
and 100 repetitions of the whole experiment (the same sets of walks were used for all

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST
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S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

No value update
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S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST
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S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST

S0 → S1 → S2 → S3 → S4 → S5 → S6 → S7 → S8 → S9 → S10 → S11 → S12 . . . ST
N-step TD



152 CHAPTER 7. MULTI-STEP BOOTSTRAPPING

n-step TD for estimating V ⇡ v⇡

Initialize V (s) arbitrarily, s 2 S

Parameters: step size ↵ 2 (0, 1], a positive integer n
All store and access operations (for St and Rt) can take their index mod n

Repeat (for each episode):
Initialize and store S0 6= terminal
T  1
For t = 0, 1, 2, . . . :
| If t < T , then:
| Take an action according to ⇡(·|St)
| Observe and store the next reward as Rt+1 and the next state as St+1

| If St+1 is terminal, then T  t + 1
| ⌧  t� n + 1 (⌧ is the time whose state’s estimate is being updated)
| If ⌧ � 0:

| G 
Pmin(⌧+n,T )

i=⌧+1 �i�⌧�1Ri

| If ⌧ + n < T , then: G G + �nV (S⌧+n) (G(n)
⌧ )

| V (S⌧ ) V (S⌧ ) + ↵ [G� V (S⌧ )]
Until ⌧ = T � 1

converge to the correct predictions under appropriate technical conditions. The n-
step TD methods thus form a family of sound methods, with one-step TD methods
and Monte Carlo methods as extreme members.

Example 7.1: n-step TD Methods on the Random Walk Consider using
n-step TD methods on the random walk task described in Example 6.2 and shown
in Figure 6.2. Suppose the first episode progressed directly from the center state,
C, to the right, through D and E, and then terminated on the right with a return
of 1. Recall that the estimated values of all the states started at an intermediate
value, V (s) = 0.5. As a result of this experience, a one-step method would change
only the estimate for the last state, V (E), which would be incremented toward 1, the
observed return. A two-step method, on the other hand, would increment the values
of the two states preceding termination: V (D) and V (E) both would be incremented
toward 1. A three-step method, or any n-step method for n > 2, would increment
the values of all three of the visited states toward 1, all by the same amount.

Which value of n is better? Figure 7.2 shows the results of a simple empirical test
for a larger random walk process, with 19 states (and with a �1 outcome on the
left, all values initialized to 0), which we use as a running example in this chapter.
Results are shown for n-step TD methods with a range of values for n and ↵. The
performance measure for each parameter setting, shown on the vertical axis, is the
square-root of the average squared error between the predictions at the end of the
episode for the 19 states and their true values, then averaged over the first 10 episodes
and 100 repetitions of the whole experiment (the same sets of walks were used for all
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Figure 6.5: A small Markov process for generating random walks.

other words, which method learns faster? Which makes the more e�cient use
of limited data? At the current time this is an open question in the sense
that no one has been able to prove mathematically that one method converges
faster than the other. In fact, it is not even clear what is the most appro-
priate formal way to phrase this question! In practice, however, TD methods
have usually been found to converge faster than constant-↵ MC methods on
stochastic tasks, as illustrated in the following example.

Example 6.2: Random Walk In this example we empirically compare the
prediction abilities of TD(0) and constant-↵ MC applied to the small Markov
process shown in Figure 6.5. All episodes start in the center state, C, and
proceed either left or right by one state on each step, with equal probabil-
ity. This behavior is presumably due to the combined e↵ect of a fixed policy
and an environment’s state-transition probabilities, but we do not care which;
we are concerned only with predicting returns however they are generated.
Episodes terminate either on the extreme left or the extreme right. When an
episode terminates on the right a reward of +1 occurs; all other rewards are
zero. For example, a typical walk might consist of the following state-and-
reward sequence: C, 0,B, 0,C, 0,D, 0,E, 1. Because this task is undiscounted
and episodic, the true value of each state is the probability of terminating
on the right if starting from that state. Thus, the true value of the cen-
ter state is v⇡(C) = 0.5. The true values of all the states, A through E, are
1
6 ,

2
6 ,

3
6 ,

4
6 , and 5

6 . Figure 6.6 shows the values learned by TD(0) approaching the
true values as more episodes are experienced. Averaging over many episode
sequences, Figure 6.7 shows the average error in the predictions found by
TD(0) and constant-↵ MC, for a variety of values of ↵, as a function of num-
ber of episodes. In all cases the approximate value function was initialized
to the intermediate value V (s) = 0.5, for all s. The TD method is consis-
tently better than the MC method on this task over this number of episodes.

Exercise 6.1 This is an exercise to help develop your intuition about why
TD methods are often more e�cient than Monte Carlo methods. Consider
the driving home example and how it is addressed by TD and Monte Carlo
methods. Can you imagine a scenario in which a TD update would be better on
average than an Monte Carlo update? Give an example scenario—a description
of past experience and a current state—in which you would expect the TD
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Figure 7.2: Performance of n-step TD methods as a function of ↵, for various values of n,
on a 19-state random walk task (Example 7.1).

parameter settings). Note that methods with an intermediate value of n worked best.
This illustrates how the generalization of TD and Monte Carlo methods to n-step
methods can potentially perform better than either of the two extreme methods.

Exercise 7.1 Why do you think a larger random walk task (19 states instead of
5) was used in the examples of this chapter? Would a smaller walk have shifted the
advantage to a di↵erent value of n? How about the change in left-side outcome from
0 to �1 made in the larger walk? Do you think that made any di↵erence in the best
value of n?

7.2 n-step Sarsa

How can n-step methods be used not just for prediction, but for control? In this
section we show how n-step methods can be combined with Sarsa in a straightforward
way to produce an on-policy TD control method. The n-step version of Sarsa we call
n-step Sarsa, and the original version presented in the previous chapter we henceforth
call one-step Sarsa, or Sarsa(0).

The main idea is to simply switch states for actions (state–action pairs) and then
use an "-greedy policy. The backup diagrams for n-step Sarsa, shown in Figure 7.3
are like those of n-step TD (Figure 7.1), strings of alternating states and actions,
except that the Sarsa ones all start and end with an action rather a state. We redefine
n-step returns in terms of estimated action values:

G(n)
t

, Rt+1+�Rt+2+· · ·+�n�1Rt+n+�nQt+n�1(St+n, At+n), n � 1, 0  t < T �n,

(7.4)

n-step TD
results

An intermediate α is best
An intermediate n is best



It’s much the same for action values
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1-step Sarsa
aka Sarsa(0) 2-step Sarsa 3-step Sarsa n-step Sarsa

∞-step Sarsa
aka Monte Carlo

n-step 
Expected Sarsa

Figure 7.3: The spectrum of n-step backups for state-action values. They range from the
one-step backup of Sarsa(0) to the up-until-termination backup of a Monte Carlo method. In
between are the n-step backups, based on n steps of real rewards and the estimated value of
the nth next state–action pair, all appropriately discounted. On the far right is the backup
diagram for n-step Expected Sarsa.

with G(n)
t

, Gt if t + n � T . The natural algorithm is then

Qt+n(St, At) , Qt+n�1(St, At)+↵
h
G(n)

t
� Qt+n�1(St, At)

i
, 0  t < T, (7.5)

while the values of all other states remain unchanged, Qt+n(s, a) = Qt+n�1(s, a), 8s, a
such that s 6= St or a 6= At. This is the algorithm we call n-step Sarsa. Pseudocode
is shown in the box on the next page, and an example of why it can speed up learning
compared to one-step methods is given in Figure 7.4.

What about Expected Sarsa? The backup diagram for the n-step version of Ex-
pected Sarsa is shown on the far right in Figure 7.3. It consists of a linear string of
sampled actions and states, just as in n-step Sarsa, except that its last element is
a branch over all action possibilities weighted, as always, by their probability under
⇡. This algorithm can be described by the same equation as n-step Sarsa (above)
except with the n-step return defined as

G(n)
t

, Rt+1+· · ·+�n�1Rt+n+�n
X

a

⇡(a|St+n)Qt+n�1(St+n, a), n � 1, 0  t  T�n.

(7.6)
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Q-learning Expected Sarsa

Figure 6.12: The backup diagrams for Q-learning and expected Sarsa.

6.6 Expected Sarsa

Consider the learning algorithm that is just like Q-learning except that instead of
the maximum over next state–action pairs it uses the expected value, taking into
account how likely each action is under the current policy. That is, consider the
algorithm with the update rule

Q(St, At) Q(St, At) + ↵
h
Rt+1 + �E[Q(St+1, At+1) | St+1]�Q(St, At)

i

 Q(St, At) + ↵
h
Rt+1 + �

X

a

⇡(a|St+1)Q(St+1, a)�Q(St, At)
i
, (6.7)

but that otherwise follows the schema of Q-learning (as in Figure 6.10). Given the
next state, St+1, this algorithm moves deterministically in the same direction as
Sarsa moves in expectation, and accordingly it is called expected Sarsa. Its backup
diagram is shown in Figure 6.12.

Expected Sarsa is more complex computationally than Sarsa but, in return, it
eliminates the variance due to the random selection of At+1. Given the same amount
of experience we might expect it to perform slightly better than Sarsa, and indeed it
generally does. Figure 6.13 shows summary results on the cli↵-walking task with Ex-
pected Sarsa compared to Sarsa and Q-learning. As an on-policy method, Expected
Sarsa retains the significant advantage of Sarsa over Q-learning on this problem. In
addition, Expected Sarsa shows a significant improvement over Sarsa over a wide
range of values for the step-size parameter ↵. In cli↵ walking the state transitions
are all deterministic and all randomness comes from the policy. In such cases, Ex-
pected Sarsa can safely set ↵ = 1 without su↵ering any degradation of asymptotic
performance, whereas Sarsa can only perform well in the long run at a small value
of ↵, at which short-term performance is poor. In this and other examples there is
a consistent empirical advantage of Expected Sarsa over Sarsa.

In these cli↵ walking results we have taken Expected Sarsa to be an on-policy
algorithm, but in general we can use a policy di↵erent from the target policy ⇡ to
generate behavior, in which case Expected Sarsa becomes an o↵-policy algorithm.
For example, suppose ⇡ is the greedy policy while behavior is more exploratory;
then Expected Sarsa is exactly Q-learning. In this sense Expected Sarsa subsumes
and generalizes Q-learning while reliably improving over Sarsa. Except for the small
additional computational cost, Expected Sarsa may completely dominate both of the
other more-well-known TD control algorithms.



On-policy n-step Action-value Methods

Action-value form of n-step return

n-step Sarsa:

n-step Expected Sarsa is the same update with a slightly 
different n-step return:
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Figure 7.2: Performance of n-step TD methods as a function of ↵, for various values of n,
on a 19-state random walk task (Example 7.1).
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such that s 6= St or a 6= At. This is the algorithm we call n-step Sarsa. Pseudocode
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Off-policy n-step Methods by Importance Sampling

Recall the importance-sampling ratio:

We get off-policy methods by weighting updates by this ratio

Off-policy n-step TD:

Off-policy n-step Sarsa:

Off-policy n-step Expected Sarsa:
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7.3 n-step O↵-policy Learning by Importance Sampling

Recall that o↵-policy learning is learning the value function for one policy, ⇡, while
following another policy, µ. Often, ⇡ is the greedy policy for the current action-
value-function estimate, and µ is a more exploratory policy, perhaps "-greedy. In
order to use the data from µ we must take into account the di↵erence between the
two policies, using their relative probability of taking the actions that were taken
(see Section 5.5). In n-step methods, returns are constructed over n steps, so we are
interested in the relative probability of just those n actions. For example, to make
an o↵-policy version of n-step TD,1 the update for time t (actually made at time
t + n) can simply be weighted by ⇢t+n

t
,

Vt+n(St)
.
= Vt+n�1(St) + ↵⇢t+n

t

h
G(n)

t
� Vt+n�1(St)

i
, 0  t < T, (7.7)

where ⇢t+n

t
, called the importance sampling ratio, is the relative probability under

the two policies of taking the n actions from At to At+n�1 (cf. Eq. 5.3):

⇢t+n

t

.
=

min(t+n�1,T�1)Y

k=t

⇡(Ak|Sk)

µ(Ak|Sk)
. (7.8)

For example, if any one of the actions would never be taken by ⇡ (i.e., ⇡(Ak|Sk) = 0)
then the n-step return should be given zero weight and be totally ignored. On the
other hand, if by chance an action is taken that ⇡ would take with much greater
probability than µ does, then this will increase the weight that would otherwise be
given to the return. This makes sense because that action is characteristic of ⇡
(and therefore we want to learn about it) but is selected rarely by µ and thus rarely
appears in the data. To make up for this we have to over-weight it when it does
occur. Note that if the two policies are actually the same (the on-policy case) then
the importance sampling ratio is always 1. Thus our new update (7.7) generalizes
and can completely replace our earlier n-step TD update. Similarly, our previous
n-step Sarsa update can be completely replaced by its general o↵-policy form:

Qt+n(St, At)
.
= Qt+n�1(St, At)+↵⇢t+n

t+1

h
G(n)

t
� Qt+n�1(St, At)

i
, 0  t < T. (7.9)

Note the importance sampling ratio here starts one step later than for n-step TD
(above). This is because here we are updating a state–action pair. We do not have
to care how likely we were to select the action; now that we have selected it we want
to learn fully from what happens, with importance sampling only for subsequent
actions. Pseudocode for the full algorithm is shown in the box on the next page.

The o↵-policy version of n-step Expected Sarsa would use the same update as
above for Sarsa except that the importance sampling ratio would have an additional
one less factor in it. That is, the above equation would use ⇢t+n�1

t+1 instead of ⇢t+n

t+1 ,

1
The algorithms presented in this section are the simplest forms of o↵-policy n-step TD. There

may be others based on the ideas developed in Chapter 5, including those of weighted importance

sampling and per-reward importance sampling. This is a good topic for further research.
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For example, if any one of the actions would never be taken by ⇡ (i.e., ⇡(Ak|Sk) = 0)
then the n-step return should be given zero weight and be totally ignored. On the
other hand, if by chance an action is taken that ⇡ would take with much greater
probability than µ does, then this will increase the weight that would otherwise be
given to the return. This makes sense because that action is characteristic of ⇡
(and therefore we want to learn about it) but is selected rarely by µ and thus rarely
appears in the data. To make up for this we have to over-weight it when it does
occur. Note that if the two policies are actually the same (the on-policy case) then
the importance sampling ratio is always 1. Thus our new update (7.7) generalizes
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Note the importance sampling ratio here starts one step later than for n-step TD
(above). This is because here we are updating a state–action pair. We do not have
to care how likely we were to select the action; now that we have selected it we want
to learn fully from what happens, with importance sampling only for subsequent
actions. Pseudocode for the full algorithm is shown in the box on the next page.

The o↵-policy version of n-step Expected Sarsa would use the same update as
above for Sarsa except that the importance sampling ratio would have an additional
one less factor in it. That is, the above equation would use ⇢t+n�1

t+1 instead of ⇢t+n

t+1 ,

1
The algorithms presented in this section are the simplest forms of o↵-policy n-step TD. There

may be others based on the ideas developed in Chapter 5, including those of weighted importance

sampling and per-reward importance sampling. This is a good topic for further research.
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Conclusions Regarding n-step Methods
Generalize Temporal-Difference and Monte Carlo learning 
methods, sliding from one to the other as n increases

n = 1 is TD as in Chapter 6
n = ∞ is MC as in Chapter 5
an intermediate n is often much better than either extreme
applicable to both continuing and episodic problems

There is some cost in computation
need to remember the last n states
learning is delayed by n steps
per-step computation is small and uniform, like TD



Monte Carlo Tree Search

Deep Reinforcement Learning and Control

Katerina Fragkiadaki

Carnegie Mellon
School of Computer Science

Part of slides inspired by Sebag, Gaudel 

CMU 10-403



Definitions

Planning: any computational process that uses a model to create or 
improve a policy  

Model Policy
Planning

Learning: the acquisition of knowledge or skills through experience, study, 
or by being taught.



What can I learn by interacting with the world?

Computing value functions combining learning and 
planning using Monte Carlo Tree Search

This lecture

Computing value functions combining learning and planning in other ways will be revisited in later lectures



Model

s

a
s0

r

Lecture 8: Integrating Learning and Planning

Introduction

Model-Free RL

state

reward

action

At

Rt

St

Anything the agent can use to predict how the 
environment will respond to its actions, concretely, 
the state transition T(s’|s,a) and reward R(s,a).

this includes transitions of the state of the 
environment and the state of the agent

Ground-truth



Online Planning with Search
1. Build a search tree with the current state of the agent at the root

2. Compute value functions using simulated episodes (reward usually only on 
final state, e.g., win or loose)

3. Select the next move to execute

4. Execute it

5. GOTO 1

Lecture 8: Integrating Learning and Planning

Simulation-Based Search

Forward Search

Forward search algorithms select the best action by lookahead
They build a search tree with the current state st at the root
Using a model of the MDP to look ahead

T! T! T! T!T!

T! T! T! T! T!

st

T! T!

T! T!

T!T! T!

T! T!T!

No need to solve whole MDP, just sub-MDP starting from now



Why online planning?
Why don’t we just learn a value function directly for every state offline, so that 
we do not waste time online?
• Because the environment has many many states (consider Go 10^170, 

Chess 10^48, real world ….)
• Very hard to compute a good value function for each one of them, most 

you will never visit
• Thus, condition on the current state you are in, try to estimate the value 

function of the relevant part of the state space online 
• Focus your resources on sub-MDP starting from now, often dramatically 

easier than solving the whole MDP



Curse of dimensionality

• The sub-MDP rooted at the current state the agent is in may still be very large 
(too many states are reachable), despite much smaller than the original one.

• Too many actions possible: large tree branching factor
• Too many steps: large tree depth

I cannot exhaustively search the full tree



Curse of dimensionality

Goal of HEX: to make a connected line that 
links two antipodal points of the grid



How to handle curse of dimensionality?



Intelligent instead of exhaustive search

1. The depth of the search may be reduced by position evaluation: 
truncating the search tree at state s and replacing the subtree below s by 
an approximate value function v(s)=v*(s) that predicts the outcome from 
state s.

2. The breadth of the search may be reduced by sampling actions from a 
policy p(a|s), that is, a probability distribution over plausible moves a in 
position s, instead of trying every action.



Position evaluation
We can estimate values for states in two ways:
• Engineering them using human experts (DeepBlue)
• Learning them from self-play (TD-gammon)

Problems with human engineering:
•  tiring
•  non transferrable to other domains.

YET: that’s how Kasparov was first beaten.

http://stanford.edu/~cpiech/cs221/apps/deepBlue.html



Monte-Carlo position evaluation

What policy shall we use to draw our simulations?
The cheapest one is random..



Monte-Carlo position evaluation in Go
Lecture 8: Integrating Learning and Planning

Simulation-Based Search

MCTS in Go

Monte-Carlo Evaluation in Go

Current position s

Simulation

 1      1      0      0        Outcomes

V(s) = 2/4 = 0.5

Averaging sampled returns..



Simplest Monte-Carlo Search

• For action selection, I need to be estimating not state but rather state-
action values.

• But! Since we assume dynamics given, we can simply use one step 
look-ahead! 



Simplest Monte-Carlo Search

Select root action: a = argmaxa∈𝒜Q(s, a)

For each action 

Q(s, a) = MC-boardEval(s′�), s′� = T(s, a)

a ∈ 𝒜

Given a deterministic transition function T,  a root state s
and  a simulation policy π (potentially random)



Simplest Monte-Carlo Search

Select root action: a = argmaxa∈𝒜Q(s, a)

Given a deterministic transition function T,  a root state s
and  a simulation policy π (potentially random)

Simulate     episodes from current (real) state: 

Evaluate action value function of the root by mean 
return:

K

{s, a, Rk
1, Sk

1, Ak
1, Rk

2, Sk
2, Ak

2, . . . , Sk
T}K

k=1 ∼ T, π

Q(s, a) =
1
K

K

∑
k=1

Gk → qπ(s, a)
P



Can we do better?

• Could we be improving our simulation policy the more simulations we 
obtain?

• Yes we can! We can have two policies:
1.Internal to the tree: keep track of action values Q not only for the root 

but also for nodes internal to a tree we are expanding, and (maybe) 
use \epsilon-greedy(Q) to improve the simulation policy over time

2.External to the tree: we do not have Q estimates and thus we use a 
random policy

In MCTS, the simulation policy improves

• Any better ideas for the simulation policy?



Upper Confidence Bound (UCB)

• score is decreasing in the number of visits (explore)  
• score is increasing in a node’s value (exploit)  
• always tries every option once  

Finite-time Analysis of the Multiarmed Bandit Problem, Auer, Cesa-Bianchi, Fischer, 2002

ith action score:
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Figure 2.2: The e↵ect of optimistic initial action-value estimates on the 10-armed testbed.
Both methods used a constant step-size parameter, ↵ = 0.1.

example, it is not well suited to nonstationary problems because its drive for ex-
ploration is inherently temporary. If the task changes, creating a renewed need for
exploration, this method cannot help. Indeed, any method that focuses on the initial
state in any special way is unlikely to help with the general nonstationary case. The
beginning of time occurs only once, and thus we should not focus on it too much.
This criticism applies as well to the sample-average methods, which also treat the
beginning of time as a special event, averaging all subsequent rewards with equal
weights. Nevertheless, all of these methods are very simple, and one of them or some
simple combination of them is often adequate in practice. In the rest of this book
we make frequent use of several of these simple exploration techniques.

2.6 Upper-Confidence-Bound Action Selection

Exploration is needed because the estimates of the action values are uncertain. The
greedy actions are those that look best at present, but some of the other actions
may actually be better. "-greedy action selection forces the non-greedy actions to
be tried, but indiscriminately, with no preference for those that are nearly greedy or
particularly uncertain. It would be better to select among the non-greedy actions
according to their potential for actually being optimal, taking into account both how
close their estimates are to being maximal and the uncertainties in those estimates.
One e↵ective way of doing this is to select actions as

At

.
= argmax

a

"
Qt(a) + c

s
log t

Nt(a)

#
, (2.8)

where log t denotes the natural logarithm of t (the number that e ⇡ 2.71828 would
have to be raised to in order to equal t), and the number c > 0 controls the degree
of exploration. If Nt(a) = 0, then a is considered to be a maximizing action.

The idea of this upper confidence bound (UCB) action selection is that the square-
root term is a measure of the uncertainty or variance in the estimate of a’s value.
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beginning of time as a special event, averaging all subsequent rewards with equal
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Exploration is needed because the estimates of the action values are uncertain. The
greedy actions are those that look best at present, but some of the other actions
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have to be raised to in order to equal t), and the number c > 0 controls the degree
of exploration. If Nt(a) = 0, then a is considered to be a maximizing action.

The idea of this upper confidence bound (UCB) action selection is that the square-
root term is a measure of the uncertainty or variance in the estimate of a’s value.

At ∼



1. Selection
• Used for nodes we have seen before
• Pick according to UCB

2. Expansion
• Used when we reach the frontier
• Add one node per playout

3. Simulation
• Used beyond the search frontier
• Don’t bother with UCB, just play randomly

4. Backpropagation
• After reaching a terminal node
• Update value and visits for states expanded in selection and expansion

Monte-Carlo Tree Search

Bandit based Monte-Carlo Planning, Kocsis and Szepesvari, 2006



Monte-Carlo Tree Search

For every state within the search tree we bookkeep # of visits and # of wins



Monte-Carlo Tree Search



Monte-Carlo Tree Search

(unrolling)

Sample actions based on UCB score



Monte-Carlo Tree Search



Monte-Carlo Tree Search

Kocsis Szepesvári, 06
Gradually grow the search tree:

I Iterate Tree-Walk
I Building Blocks

I Select next action
Bandit phase

I Add a node
Grow a leaf of the search tree

I Select next action bis
Random phase, roll-out

I Compute instant reward
Evaluate

I Update information in visited nodes
Propagate

I Returned solution:
I Path visited most often

Explored Tree

Search Tree

Seacrh tree contains states whose all children have been tried at least once
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Gradually grow the search tree:

I Iterate Tree-Walk
I Building Blocks

I Select next action
Bandit phase

I Add a node
Grow a leaf of the search tree

I Select next action bis
Random phase, roll-out

I Compute instant reward
Evaluate

I Update information in visited nodes
Propagate

I Returned solution:
I Path visited most often

Explored Tree

Search Tree
Phase

Bandit−Based



Monte-Carlo Tree Search

Kocsis Szepesvári, 06
Gradually grow the search tree:

I Iterate Tree-Walk
I Building Blocks

I Select next action
Bandit phase

I Add a node
Grow a leaf of the search tree

I Select next action bis
Random phase, roll-out

I Compute instant reward
Evaluate

I Update information in visited nodes
Propagate

I Returned solution:
I Path visited most often

Explored Tree

Search Tree
Phase

Bandit−Based



Monte-Carlo Tree Search

Kocsis Szepesvári, 06
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Gradually grow the search tree:

I Iterate Tree-Walk
I Building Blocks

I Select next action
Bandit phase

I Add a node
Grow a leaf of the search tree

I Select next action bis
Random phase, roll-out

I Compute instant reward
Evaluate

I Update information in visited nodes
Propagate

I Returned solution:
I Path visited most often

Explored Tree

Search Tree
Phase

Bandit−Based



Monte-Carlo Tree Search

Kocsis Szepesvári, 06
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Monte-Carlo Tree Search


