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n-step TD Returns/Targets

@ Monte Carlo: G = Rii1 +YRito +V*Revs+ -+~ 1Ry



n-step TD Returns/Targets
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n-step TD Returns/Targets

@ Monte Carlo: G = Rii1 +YRito +V*Revs+ -+~ 1Ry

@ ID: Ggl) = Rit1 + YV (St41)

@ Use V; to estimate remaining return

@ n-step TD:
@ 2 step return: Gy = Reyy + YRis2 + 72 Vi(Spe2)



n-step TD Returns/Targets

@ Monte Carlo: Gt = Riyr1 + YReyo + ’Y2Rt_|_3 + -+ ’YT_t_lRT

@ 1D: Gﬁl) = Rit1 + YV (St41)

@ Use V; to estimate remaining return

@ n-step TD:
@ 2 step return: Gi? = Reg1 +vRiva + 7 Vi(Spi2)

o n-step return: Gt = Re1 +yRia +9% + - 9" R + 7" Vi(Spn)

with G =G ift+n>T



n-step TD Prediction
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n-step TD

@ Recall the n-step return:

G™ = Ry 4+vRio+ 4+ 'R +7"Visn_1(Seen), n>1,0<t<T—n

@ Of course, this 1s not available until time +n

@ The natural algorithm 1s thus to wait until then:

Vitn(St) = Vign—1(5:) + « {ng) - V;t—l—n—l(st)} ) 0<t<T

@ This 1s called n-step TD



n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(7+”»T) ’Yi_T_lRi

V(ST) A V<S7') +a [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G < G+ "V (S:4n) (ng))

So =81 =8 =8-8558 =8>85 =S50~ 5 = 5. ..
So =81 =285 =8>85 -85 >8> 3= 50> 5 =5 ..
So =81 =8 =8-8558 =55 =505~ 5. ..

So =81 =5, = 58 =8>85 =8 =5 =855~ 5 =5 ..



No value update

n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(7+”»T) ’Yi_T_lRi

V(ST) A V<S7'> +a [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G ¢+ G + 7"V (Sy1n) (G™)

So =81 =85 =>8->58->58 =85 >8> S8 =S80~ 5 =5 ..
So =81 =285 =8>85 >85> 8>3 =50~ 5 =S5 ..
So =81 =8 =82 8-> 58 -8 —>8 >S5 5 = 50> 51~ 5. ..

So =81 =5, =8 =8>85 =8 =5 =8 = 5 =85~ 5.



No value update

n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(7+”»T) ’Yi_T_lRi

V(ST) A V<S7') +a [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G < G+ "V (S:4n) (ng))

So =81 =8 =8 =8-8558 =55 =S5
So =81 =285 =8>85 >85> 8>3 =50~ 5 =S5 ..
So =81 =8 =82 8-> 58 -8 —>8 >S5 5 = 50> 51~ 5. ..
So =81 =5, =8 =8>85 =8 =5 =8 = 5 =85~ 5.
So =81 =8>8 =558 =85 >85> S50—=> 85—~ 5...

So= 81 =8>8 =8>8 >85> 85> S50—> 85 =5 ..



No value update

N-step TD

n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(7+”»T) ’Yi_T_lRi

V(ST) A V<S7') +a [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G < G+ "V (S:4n) (ng))

So =81 =8 =8 =8-8558 =55 =S5
So =81 =285 =8>85 >85> 8>3 =50~ 5 =S5 ..
So =81 =8 =82 8-> 58 -8 —>8 >S5 5 = 50> 51~ 5. ..
So =81 =5, =8 =8>85 =8 =5 =8 = 5 =85~ 5.
So = 812852825, 8 =8 =8>8 =8 =S50~ 85—~ 5,...

So =81 =8>8 >85> 85> 8 =5 =S80~ 85; > 5. ..



No value update

N-step TD

n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(T‘i‘”’T) ’Yi_T_lRi

V(ST) A V<S7') + [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G < G+ "V (S:4n) (ng))

So =81 =85 =>8->58->58 =85 >8> S8 =S80~ 5 =5 ..
So =81 =285 =8>8, 585> 8 = 5 = 8 = S = 50— 51 = S
So =81 =8 =82 8-> 58 -8 —>8 >S5 5 = 50> 51~ 5. ..

So =81 =5, =8 =8>85 =8 =5 =8 = 5 =85~ 5.

So = 812852825, 8 =8 =8>8 =8 =S50~ 85—~ 5,...
So =81 =8>8 >85> 85> 8 =5 =S80~ 85; > 5. ..
So =81 =8>8 > 58,->58 =8 =5 =85 =S50~ 5~ 5,...

So =81 =8>8 =8-8558 =58> 50> 5 =5 ..
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No value update

N-step TD

MC

n-step TD for estimating V ~ v,

Parameters: step size

Initialize and store

T + o

Fort=0,1,2,...:
If t <T, then:

Observe and

If > 0:

1=7+1

|

|

|

|

| 7+ t—n+1
|

|

| fr+n<T,
|

Until7 =T -1

Initialize V' (s) arbitrarily, s € 8

All store and access operations (for Sy and R;) can take their index mod n

Repeat (for each episode):

Take an action according to 7(+|.Sy)

If S¢yq is terminal, then T «— ¢ + 1

G — Zmin(T‘i‘”’T) ’Yi_T_lRi

V(ST) A V<S7') + [G o V(ST)]

a € (0,1], a positive integer n

So # terminal

store the next reward as R;y; and the next state as Sy41

(7 is the time whose state’s estimate is being updated)

then: G < G+ "V (S:4n) (ng))

So =81 =85 =>8->58->58 =85 >8> S8 =S80~ 5 =5 ..
So =81 =285 =8>8, 585> 8 = 5 = 8 = S = 50— 51 = S
So =81 =8 =82 8-> 58 -8 —>8 >S5 5 = 50> 51~ 5. ..

So =81 =5, =8 =8>85 =8 =5 =8 = 5 =85~ 5.

So = 812852825, 8 =8 =8>8 =8 =S50~ 85—~ 5,...
So =81 =8>8 >85> 85> 8 =5 =S80~ 85; > 5. ..
So =81 =8>8 > 8,->58 =8 =5 =85 =S50~ = 5,...

So =81 =8>8 > 58,->58 =85 >85> 50> 5 =5 ..
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St

St

St
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A Larger Example — 19-state Random Walk

0.55 ~
05+ 19
Average 0.45 -
RMS error
over 19 states 04+
and first 10
episodes  %°°f
03 F
N= T=2
025 -1 1 n:41- 1 1
0 0.2 04 0.6 0.8

@ An intermed

1ate o 1S best

@ An intermed

1ate n 1S best

n-step TD
results



It’'s much the same for action values

1-step Sarsa co-step Sarsa n-step
aka Sarsa(0) 2-step Sarsa 3-step Sarsa n-step Sarsa aka Monte Carlo Expected Sarsa

A O S S O

O O O

7

Q(Sr ’Al ) - Q(Sl ’Ar) + a[Rul + YQ(Snl ’Aul ) - Q(St ’A: )]

®
~—e
—e

(O~

Q(St, Ar) <= Q(St, Ar) + Oé[RtH +VE[Q(St41, Artr) | Sea1] — Q(Sk, At)} v v
< Q5 Ay) + a [Rtﬂ +7 Z 7(alSe+1)Q(St+1,a) — Q(St, At)}



On-policy n-step Action-value Methods

@ Action-value form of n-step return

ng) = Rep1+7Ripo+ 47" Regn+7" Qtgn—1(Stgn, At4n)

@ n-step Sarsa:

Quin(Sts Ar) = Qrin-1(St, A+ |G = Qi1 (Si, Ar)|

@ n-step Expected Sarsa is the same update with a slightly
different n-step return:

Gi" = Ryt 47" Risn+9™ Y 7(a]Spsn) Qrsn—1(Stsn, a)

18



Off-policy n-step Methods by Importance Sampling

@ Recall the importance-sampling ratio:.
min(t+n—1,7—1
. (H ) 7 (AulSe)
: 1(Ak|Sk)

k=t

@ We get off-policy methods by weighting updates by this ratio
e Off-policy n-step TD:

Viin($) = Vin 1(50) + o™ [GF) — Vi a(0)]

@ Off-policy n-step Sarsa:

Qt+n(St; At) = Qtyn—1(St, At)+04/0§£ [ng) — Qt+n—1(5¢, At)}

@ Off-policy n-step Expected Sarsa:

Quin (St Ar) = Quin—1(Si, A) + a =" |G = Quin-1(S1, A1)

19



Off-policy Learning w/o Importance Sampling:
The n-step Tree Backup Algorithm

3-step TB
Expected Sarsa

and 1-step Tree Backup 2-step Tree Backup

St7 At
t—l—lI
_

Target —_— Ryt + ’Y#; m(alSt+1)Q(St+1,a)
@ t+1

+y 7(At41[5t41) (Rt+2 +7 ) 7(a|St12)Q(Sr4e, @/)>

20



Conclusions

Regarding n-step Methods

@ Generalize Temporal-Difference and Monte Carlo learning
methods, sliding from one to the other as n increases

en=11s TD as in Chapter 6

@ n = 1s MC as in Chapter 5

@ an intermediate 7 1S

often much better than either extreme

@ applicable to both continuing and episodic problems

@ There 1s some cost in computation

@ need to remember t

ne last n states

@ learning 1s delayed |

Oy 1 Steps

@ per-step computation 1s small and uniform, like TD

21
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Learning: the acquisition of knowledge or skills through experience, ,
or by being taught.

Planning: any computational process that uses a model to create or
iImprove a policy

Planning |
Model > Policy




This lecture

Computing value functions combining learning and
planning using Monte Carlo Tree Search

Computing value functions combining learning and planning in other ways will be revisited in later lectures



Moael

Anything the agent can use to predict how the
environment will respond to its actions, concretely,
the state transition T(s’|s,a) and reward R(s,a).

Ground-truth

this includes transitions of the state of the
environment and the state of the agent



Online Planning with Search

1. Build a search tree with the current state of the agent at the root

2. Compute value functions using simulated episodes (reward usually only on
final state, e.g., win or loose)

3. Select the next move to execute

4. Execute it

5. GOTO 1

O C o
O O 00 Q
, olNe ﬁ&} e Q Q

7\ N
/ \/I N



Why online planning”

Why don’t we just learn a value function directly for every state offline, so that
we do not waste time online?

Because the environment has many many states (consider Go 107170,
Chess 1078, real world ....)

Very hard to compute a good value function for each one of them, most
you will never visit

Thus, condition on the current state you are in, try to estimate the value
function of the relevant part of the state space online

Focus your resources on sub-MDP starting from now, often dramatically
easier than solving the whole MDP



Curse of dimensionality

-+ The sub-MDP rooted at the current state the agent is in may still be very large
(too many states are reachable), despite much smaller than the original one.

- Too many actions possible: large tree branching factor
-+ Too many steps: large tree depth

| cannot exhaustively search the full tree



Curse of dimensionality

Consider hex on an NxN board.

branching factor € N?

2N = depth = N?

board size max branching factor min depth tree size | depth of 10"° nodes

X6 36 12 >10"7 7
8x8 64 16 >10”" 6
11x11 121 22 >10% o)
4

19x19 361 38 >10%

Goal of HEX: to make a connected line that
links two antipodal points of the grid




How to handle curse of dimensionality”?



Intelligent instead of exhaustive search

1. The depth of the search may be reduced by position evaluation:
truncating the search tree at state s and replacing the subtree below s by

an approximate value function v(s)=v*(s) that predicts the outcome from
state s.

2. The breadth of the search may be reduced by sampling actions from a

policy p(als), that is, a probability distribution over plausible moves a in
position s, instead of trying every action.



Position evaluation

We can estimate values for states in two ways:
- Engineering them using human experts (DeepBlue)
- Learning them from self-play (TD-gammon)

Problems with human engineering:

tiring
non transferrable to other domains.

YET: that’s how Kasparov was first beaten.

hitp://stanford.edu/~cpiech/cs?221/apps/deepBlue.html




Monte-Carlo position evaluation

function MC BoardEval (state):
wins = 0
losses = 0
for 1=1:NUM SAMPLES
next state = state
while non termilinal (next state):
next state = random legal move (next state)

1f next state.winner == state.turn: wins+-+

else: losses++ #ineeds slight modification if draws possible
return (wins - losses) / (wins + losses)

What policy shall we use to draw our simulations?
The cheapest one is random..



Monte-Carlo position evaluation in Go

V(s)=2/4=0.5 ‘e | Current position s

|
:’!:i ’°!: o ANE "2::
T G e —
Phd
?j";i .".t: "!:: "";:
' ' ‘ '
—
o'® "& o | ["0e
Averaging sampled returns.. — S S , ,
BT B & Simulation
bl B G s
osoe | ["0e | [eee] [“Ce -
. S e
| | | |
= £ g o SoHH S
mg@tmt";ﬁ
1 1 0 O Outcomes



Simplest Monte-Carlo Search

* For action selection, | need to be estimating not state but rather state-
action values.

- But! Since we assume dynamics given, we can simply use one step
look-ahead!



Simplest Monte-Carlo Search

Given a deterministic transition function T, a root state s
and a simulation policy z (potentially random)

For each action a €

O(s,a) = MC-boardEval(s"), s’ =T(s,a)

Select root action: a = argmax . ,0(s, a)



Simplest Monte-Carlo Search

Given a deterministic transition function T, a root state s
and a simulation policy z (potentially random)

Simulate K episodes from current (real) state:

k ¢k Ak pk gk Ak kK
{S, a,R ,Sl,Al,Rz, S2,A2, e o o ,ST}kzl m~/ T,ﬂ

Evaluate action value function of the root by mean
return: »

1 K
0(s, a) = — k}‘; G, — q,(s,a)

Select root action: a = argmax . ,0(s, a)



Can we do better?

- Could we be improving our simulation policy the more simulations we
obtain?

- Yes we can! We can have two policies:

1.Internal to the tree: keep track of action values Q not only for the root
but also for nodes internal to a tree we are expanding, and (maybe)
use \epsilon-greedy(Q) to improve the simulation policy over time

2.External to the tree: we do not have Q estimates and thus we use a
random policy

In MCTS, the simulation policy improves

- Any better ideas for the simulation policy?



Upper Confidence Bound (UCB)

A; = argmax
a

Qula) + C\/ N, (a)

ith action score:

7.
U;

value estimate

logt

(' X
\

tunable parameter

A ~

Qt(a) -+ C\/

In( VY.

parent node visits

TL;

number of visits

e score is decreasing in the number of visits (explore)

e score is increasing in a node’s value (exploit)

* always tries every option once

Finite-time Analysis of the Multiarmed Bandit Problem, Auer, Cesa-Bianchi, Fischer, 2002

logt

Nt(a)




Monte-Carlo Tree Search

1. Selection
-+ Used for nodes we have seen before
- Pick according to UCB
2. Expansion
- Used when we reach the frontier
-+ Add one node per playout
3. Simulation
-+ Used beyond the search frontier
 Don’t bother with UCB, just play randomly
4. Backpropagation
- After reaching a terminal node
- Update value and visits for states expanded in selection and expansion

Bandit based Monte-Carlo Planning, Kocsis and Szepesvari, 2006



Monte-Carlo Tree Search

Basic MCTS pseudocode

function MCTS sample (state)
state.visitsti

if all children of state expanded:

next state = UCB sample(state)
winner = MCTS sample (next state)
else:

1if some children c¢f state expanded:

next state = expand(random unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)

For every state within the search tree we bookkeep # of visits and # of wins



Monte-Carlo Tree Search

Basic MCTS pseudocode

function MCTS sample (state)

state.visits it

1if all children of state expanded:
next state = UCB sample(state)

alale

winner = MCTS sample (next state)
else:
1if some children c¢f state expanded:
next state = expand(random unexpanded child)
else:
next state = state
winner = random playout (next state)

urdate value (state, winner)



Monte-Carlo Tree Search

MCTS helper functions

function UCB_sample (state): Sample actions based on UCB score
weights = []
for child of state:
w = child.value + C * sqgrt(ln(state.visits) / child.visits)
welghts.aopend (w)
distribution = [w / sum(weights) for w in weights]
return child sampled according to distribution

functicn random playout (state) : OJnronhqg)
if is terminal (state) :
return winner

else: return random playout (random move (state))



Monte-Carlo Tree Search

MCTS helper functions

function expand (state):

state.visits =

state.value = 0

function uvdate value(state, winner):

if winner == state.turn:
state.value += 1

state.value -= 1



Basic MCTS pseudocode

function MCTS sample (state)
state.visitsti

1if all children c¢f state expanded:

next state = UCB sample(state)
winner = MCTS sample (next state)
else: Search Tree

if some children c¢f state expanded:

next state = expand(randeom unexpanded child)

else:
next state = state
winner = random playout (next state)

update value (state, winner)
Explored Tree

Seacrh tree contains states whose all children have been tried at least once



Basic MCTS pseudocode

function MCTS sample (state)
state.visitst+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visitst+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visitst+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visitst+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visits+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visits+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visits+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode

function MCTS sample (state)
state.visits+i
1if all children c¢f state expanded:

next state = UCB sample(state) Bandit—Baséd

winner = MCTS sample (next state) Phase

else: Search Tree

if some children of state expanded:

next state = expand(randeom unexpanded child)
else:

next state = state
winner = random playout (next state)

update value (state, winner)




Basic MCTS pseudocode
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