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Recall that in the x−y plane, all rotations are around the +z axis. All kinematic quantities can be found by simply
dropping the rows and columns corresponding to z translation as well as x and y rotations from the 3D version. (Note
that in this table the R and g for 3D still assume only planar motion, just written in 3D).

Planar (2D) Spatial (3D)

R =

[
cos(θ) −sin(θ)
sin(θ) cos(θ)

]
Rz =

 cos(θ) −sin(θ) 0
sin(θ) cos(θ) 0

0 0 1



g =

 cos(θ) −sin(θ) px
sin(θ) cos(θ) py

0 0 1

 g =


cos(θ) −sin(θ) 0 px
sin(θ) cos(θ) 0 py

0 0 1 0
0 0 0 1


v =

[
vx
vy

]
v =

 vx
vy
vz


w = [wz] w =

 wx
wy
wz



V =

 vx
vy
wz

 V =


vx
vy
vz
wx
wy
wz


ŵ =

[
0 −wz

wz 0

]
ŵ =

 0 −wz wy
wz 0 −wx
−wy wx 0



V̂ =

 0 −wz vx
wz 0 vy
0 0 0

 V̂ =


0 −wz wy vx

wz 0 −wx vy
−wy wx 0 vz

0 0 0 0


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Planar (2D) Spatial (3D)

Adg =

[
R p̂R
0 R

]

Adg =

 c −s py
s c −px
0 0 1

 =


c −s 0 0 0 py
s c 0 0 0 −px
0 0 1 −pyc+ pxs pys+ pxc 0
0 0 0 c −s 0
0 0 0 s c 0
0 0 0 0 0 1


for: c = cos(θ), s = sin(θ) Note: AdgV for planar V means columns 3, 4, and 5

are irrelevant (will multiply a 0 in V )

F =

 fx
fy
τz

 F =


fx
fy
fz
τx
τy
τz


For frictional point contact:

fc =

[
fcx
fcy

]
fc =

 fcx
fcy
fcz



Bc =

 1 0
0 1
0 0

 Bc =


1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0



Mo =

 m 0 0
0 m 0
0 0 Iz

 Mo =


m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Ix 0 0
0 0 0 0 Iy 0
0 0 0 0 0 Iz


For reference frame aligned with major axes.
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